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Предисловие

Мое знакомство с Робертом Искандеровичем началось после его избрания в 1991 г.
академиком РАН. Мы работали по разным специальностям, и я мало разбираюсь в про-
фессиональных тонкостях механики. . .

Постепенномысближалисьилучшепонималидруг друга.Мне становилась всепонят-
нее его гражданская позиция, отношение к экономике и судьбам страны, к технологиче-
ской структуре производства и геополитике. Р.И. Нигматулин оказался разносторонним
ученым, крупнымметодологом, умеющимприменять метод познания к разнымнаукам.
Онобладает колоссальнымчувствомответственности, которое для него не лозунг, а сила,
определяющая объективную логику общественного прогресса.

Эти и другие, описанные далее события, позволили мне сделать вывод о том, что в
лице академика Р.И. Нигматулина мы видим энциклопедиста нового времени. Он яркий
представитель столь редко встречающейся сегодня российской интеллигенции. Уваже-
ние к прогрессу и любовь к родине лишь подчеркивают его значимость и как ученого, и
как личности.

Мне много раз приходилось бывать в Уфе, в том числе совершать туристическую по-
ездку на теплоходе со своими внучками. У меня было и остается много друзей в Баш-
кирии. Побывал я там и по приглашению Роберта Искандеровича, когда он возглавлял
Академию наук Республики Башкортостан и Уфимский научный центр РАН. Мне показа-
ли много интересного. Выступил я и перед учеными УНЦ РАН и АН РБ. Много с тревогой
говорил о России, об отсутствии у нее долгосрочной стратегии, о расслоении граждан на
богатых и бедных, о децильном коэффициенте распределения доходов, о доле заработ-
ной платы в объеме ВВП, о прогрессивном обложении налогом доходов физических лиц.

Это было общение с выдающимися учеными Башкирии, ответы на их многочислен-
ные вопросы. Академик Р.И. Нигматулин уловил суть проблемы и потом написал про-
фессиональную работу по экономике России. Здесь сказалась его сила овладения мето-
дологией научного анализа, имеющей очень много общего в анализе социальных и тех-
нических проблем, а также уже названное выше чувстве социальной ответственности.

В 2003 г. Роберт Искандерович опубликовал в журнале «Вопросы экономики» № 3
принципиальную статью «Об оптимальной доле государственных расходов в ВВП и тем-
пах экономического роста». Она была ответом на вышедшую ранее в том же журнале
статью помощника Президента России по экономическим вопросам А. Илларионова и
его соавтора Н. Пивоваровой «Размеры государства и экономический рост». Это был до-
статочно мужественный шаг, поскольку советник для того и существует, чтобы влиять
на позицию В.В. Путина и принимаемые им решения. Это влияние существует и до сих
пор. . .
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В статье Р.И. Нигматулина отмечается, что в качестве единственного способа повы-
шения темпов экономического роста А. Илларионов с соавтором предлагают существен-
ное сокращение государственных расходов. Такое положение ошибочно. Темпы эконо-
мического роста есть функция многих переменных и факторов. Некоторые из них даже
нельзя выразить численно, в частности уровень честности в бизнесе и в государственных
органах, национальные традиции, бережливость, самочувствие нации и многое другое.
«Такой формальный и упрощенный анализ функции многих переменных при вариации
одной переменной без контроля и учета изменения остальных переменных и факторов
не позволяет выявлять закономерности. Это стандартная проблема при обработке дан-
ных (экспериментов) во всех науках».

Он отмечает и конкретные просчеты в критикуемой им статье. Причем речь идет не о
неком «абстрактном» государстве, а о реалиях современной России. Поддерживая пози-
цию ведущих российских экономистов, Р.И. Нигматулин выступает за повышение доли
оплаты труда до 50%, а потом и до 60% в объеме ВВП.

Действительно, низкая заработнаяплата– главныйтормознаучно-техническогопро-
гресса.Онаориентируетнаиспользованиепримитивногонизкоквалифицированного тру-
да и противоречит курсу на инновационное развитие экономики.

Что касается России, то в ней значительная доля природной ренты вместо того, что-
бы идти на развитие производительных сил, присваивается современными олигархами,
которые все это тратят на предметы роскоши или вывозят за рубеж. И далее Р.И. Ниг-
матулин пишет: «Сегодня в конкурентной борьбе на мировом рынке Россия имеет шанс
завоевать достойное место только в секторе высокотехнологичной продукции с большой
долей интеллектуальных затрат». Если она этого не сделает, то «потеряет и шанс на вход
на мировой рынок, и статус великой державы, и свой привычный уровень жизни, и свою
цивилизацию».

Сегодня это так же верно, как и семь лет назад, когда была написана статья! Далее
Р.И. Нигматулин утверждает: «Своеобразие многообразных связей и условий определя-
ет для каждой страны свою оптимальную долю государственных расходов в ВВП. Уни-
версальных решений здесь нет. Кстати, в северных странах (Канада, Норвегия, Швеция,
Финляндия) она всегда высока». В 2007 г. вторымизданием вышла книга «Как обустроить
экономику и власть России: анализ инженера и математика». В ней сказано, что у нас в
стране по-прежнему власть «все знает сама, не опирается на научный анализ, не осозна-
ет и игнорирует законы экономики, пренебрегает мнением специалистов». Поэтому в
России (и это сказано достаточно жестко) «нужно сменить курс и начинать создавать но-
вый экономический и государственный порядок. А это значит, что в руководстве нужны
новые люди: с современным мировоззрением, опирающиеся та науку, знающие основы
современной экономики».

Мы встречались с РобертомИскандеровичемнамногих собраниях и обсуждениях, где
я неизменно замечал широту его мышления и профессиональное знание проблем. Бы-
ли мы и на обсуждении проблем современного экономического кризиса, проводимом
на круглом столе под руководством Ю. М. Лужкова. В дискуссии выступали в основном
экономисты. Но потом Р.И. Нигматулин выступил как «технарь», рассказал о фундамен-
тальных причинах, заложенных в развитии производительных сил. Его речь оказалась
весьма заметным явлением и, я бы сказал, приземленным к реальной ситуации в стране.
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За многие годы нашего знакомства Роберт Искандерович узнал, что я не только писа-
тель, но и читатель. Поэтому он регулярно присылает мне свои публикации. И я действи-
тельно читаю: и профессиональные работы по атомной энергетике, и многочисленные
воспоминания о своей семье и близких людях. Это удивительноживые, образные расска-
зы, которые раскрывают душу автора, будят воспоминания и сопоставления. Мне тоже
доставило большую радость и потребовало немалого труда написать книгу «Моя родо-
словная», где я проследил (по ревизским сказкам) семью своих предков с конца XVIII
века до наших дней.

Завтрашний день России неразрывно связан с именами выдающихся деятелей стра-
ны, ее крупных ученых, подобных Р.И. Нигматулину, а также с тем, что идущее им на
смену поколение будет умнее старших. Только тогда в стране будет не регресс, а про-
гресс.

Леонид Иванович Абалкин
академик РАН

(Из книги «Ученый нашего времени глазами современников», стр. 195–197)
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(авторское предисловие)

Представленные в этом юбилейном сборнике мои научные статьи отобраны мной.
Они расположены в хронологическом порядке и не представлены в моих книгах «Осно-
вы механики гетерогенных сред» (1978) и двухтомнике «Динамика многофазных сред»
(1987), который был переведен в США. Все они опубликованы с 1965 по 2005 годы и не
представлены на открытых полках библиотек. Они в библиотечных архивах. Хотя они не
стали самыми цитируемыми, но они стали импульсом для последующих моих с моими
более молодыми коллегами публикаций. Все отобранные публикации занимают особое
место в «моей истории».

Статьи [1, 2] – мои первые публикации, и они представляют мои студенческие рабо-
ты – курсовую, представленную в 1964 г., и дипломную, представленную в 1965 г., на
мехмате МГУ им. М.В. Ломоносова. Кстати, моя дипломная работа в МВТУ им. Баума-
на (1963) была посвящена авиационному двигателю с атомным реактором. Конечно, эта
разработка не могла быть предметом для публикации в то время.

Статья [10] посвящена тепловой аномалии горы Янгантау и написана с уфимскими
геологами.

Статья [12] посвящена важнойпроблеме экономической теории, в которойподвергну-
та критике программная статья советника Президента РФ. Эта статья получила высокую
оценку академиков Л.И. Абалкина и Д.С. Львова.

Все остальные публикации юбилейного сборника связаны с механикой и теплофизи-
кой многофазных сред.

Особое место среди них занимает статья [7], которая является текстом 1-ой (и един-
ственной) лекции на открытии II Международной конференции по многофазным пото-
кам в Киото (Япония, 2005). Почетное право для такой лекции было предоставлено мне
специальнымрешениеморгкомитета. Ее слушали около 1000 человек, среди которых бы-
ли члены правительства Японии.
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Д о к л а д ы А к а д е м и и н а у к С С С Р 
1977. Том 237, № 6 

У Д К 532.529:66.040.3 ГИДРОМЕХАНИКА 

Р. И. НИГМАТУЛИН, Р. Г. ШАГИЕВ, В. Ш. ШАГАЛОВ, 
Г. Г. ВАЛЯВИН, В. В. ФРЯЗИНОВ, Б. И. НИГМАТУЛИН 

МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ В ГИДРАВЛИЧЕСКОМ 
ПРИБЛИЖЕНИИ ГАЗОЖИДКОСТНЫХ ПОТОКОВ С 

ХИМИЧЕСКИМИ РЕАКЦИЯМИ И АНАЛИЗ ПРОЦЕССА НАГРЕВА 
НЕФТЯНОГО СЫРЬЯ В ТРУБЧАТЫХ ПЕЧАХ 

(Представлено академиком В. В. Струминским 12 V 1977) 

В энергетике и технологии часто используется совместное движение 
газа и жидкости в обогреваемом или необогреваемом канале со скоростя­
ми > 1 0 м/сек. При этом в широком диапазоне давлений и скоростей реа­
лизуется дисперсно-кольцевой режим течения, характеризуемый наличи­
ем жидкой пленки на стенке и ядра потока, представляющего смесь газа 
и ж и д к и х капель . Д л я оценок можно считать, что этот режим имеет место 
при объемных газосодержаниях, больших Н3,8. 

В настоящем сообщении изложена математическая модель гидродина­
мических и физико-химических процессов в многокомпонентных двухфаз­
н ы х потоках в дисперсно-кольцевом режиме течения, когда помимо фазо­
вых переходов идут химические реакции, полнота прохождения которых 
зависит не только от нагрева, но и от чисто механических эффектов, оп­
ределяющих, например, изменение давления и возможность испарения 
или конденсации. Именно такие ситуации специфичны для ряда совре­
менных интенсивных и энергоемких химико-технологических процессов, 
для расчета которых требуется совместное решение полной системы урав­
нений масс, импульсов, энергий фаз и кинетики различных м е ж ф а з н ы х 
и внутрифазных процессов. 

К а ж д а я из фаз в смеси г а з + к а п л и + п л е н к а будет рассматриваться 
к а к гомогенная смесь ряда компонент. В ж и д к и х фазах идут химические 
реакции. Возможны процессы массообмена между фазами: испарение 
газа из жидкости, срыв и осаждение капель . Предполагается, что ядро 
потока и пленка имеют свои скорости, но температуры фаз совпадают, 
так к а к в рассматриваемых н и ж е процессах характерные длины выравни­
в а н и я температур между фазами (так ж е к а к и скоростей газа и капель) 
во много раз меньше характерного линейного масштаба задачи (длины 
к а н а л а ) . Н и ж е используются представления, приведенные в ( 1 _ 4 ) . Па ­
раметры, относящиеся к газу, жидкой пленке и каплям, будем снабжать 
соответственно первыми индексами внизу 1, 2, 3 и называть параметра­
ми первой, второй и третьей фаз . 

Уравнения сохранения масс, импульсов фаз и энергии смеси в гидрав­
л и ч е с к о м приближении имеют вид 

dmi dm2 _ dm3 

• J ( 2 1 ) 1 J ( 3 1 ) ? ~ ' — / ( 3 2 ) / ( 2 1 ) / ( 2 3 ) » ~ * ( 2 3 ) / ( 3 1 ) / ( 3 2 ) , dz l"" dz l" l"' l"" dz 

dvi dp 

. ( W i + W , ) ^ = - (Ft+Fs)- / ( 1 2 ) + ( / ( 2 1 ) + / ( 2 3 ) ) (V^l-Vi) + ( р Л + р З ^ з ) g, 
az dz 

dv2 dp 
m2~==--F2—.+ / ( i 2 ) - / + / ( 3 2 ) (v(32)-u2J+p2F2g, 

az az 
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т . = р » и Г р . = jp*'Vi> d>f^ m . v . = j p . 0 ' ( ^ / ) 2 ^ = J p . О ^ Д / ^ 

J*/ JF, 

Fi+F2+F3=F(z), Fi=sa(Fi+F9)j т,+т2+т3=т=соп8Ь, 
V™~Vj, ^ ( 2 1 ) ^ ( 2 3 ) ^ ^ 2 , V(32)~Vi\ 

здесь m,] — поток / -й фазы, / = 1 , 2, 3 ; р / —средняя плотность м а т е р и а л а 
/*-й фазы, Г — температура, v™, v, — среднемассовая и среднерасходная 
скорости фаз , при этом равенства в последней строчке приемлемы при 
турбулентных режимах , когда профили скоростей vf достаточно «напол­
ненные»; ij — среднерасходная энтальпия ; F(z) — поперечное сечение ка ­
нала ( д л я . т р у б ы F = c o n s t ) , F j —часть поперечного сечения, з а н я т а я / - и 
фазой; а —объемное содержание газа в ядре потока; / а 2 ) — сила трения 
на поверхности раздела газ — ж и д к а я пленка; / — сила трения м е ж д у 
пленкой и стенкой канала ; () —внешний приток тепла; / (^> — интенсив­
ность массообмена от i-й к /-й фазе ; v{ij) — скорость массы, претерпеваю­
щей переход g — проекция внешних массовых сил вдоль оси к а н а л а . 

Пусть газовая фаза состоит из легкой Е (с молекулярным весом р .» 
~ 1 0 0 ) , тяжелой А (пары масла с р,~400) и инертной (пары воды с р ,=18) 
компонент. Последняя не участвует в фазовых переходах и химических 
реакциях . К а ж д а я из составляющих жидкой ф а з ы — пленка и к а п л и — со­
стоят из четырех компонент: А — масла, В — смолы, С — асфальтены, D — 
карбоиды, которые претерпевают химические превращения по схеме 

A ^ B ^ C ^ D . 
<i >i >i 

E E E 

Параметры, относящиеся к компонентам А, В, С, D в пленке ( / = 2 ) 
и к а п л я х ( / = 3 ) , будут снабжаться соответственно индексами / 2 , / 3 , / 4 , . 
j 5, а параметры, относящиеся к инертному газу и компонентам Е, А в; 
газовой фазе ( / = 1 ) , — индексами 1 0 , 1 1 , 1 2 . Тогда уравнения масс ком­
понент принимают вид 

dml0_ dmn_ dmi2 

U, ^ ( 2 1 ) 1 1 ^ ( 3 1 ) 1 , : « / ( 2 l ) 2 ~ T V ( 3 1 ) 2 , 
dz dz dz 

5 
dm 2k 

= —J(2i)k~J(2Z)k~^J(32)h^~F2 ^ t (K2}lk—К2)Ы) , 
dz 

1=2 1Фк 

dm3k 

= — J(3l)k—-/(32)fc+/(23)ft+^3 (K3tlk—K3kl), 
dz 

l=2,l=£k 

w>}k=g}kW>j] Jui)b~8frJuih h / " I , 2, 3 ; ft, Z=0, 1 , . . . , 5; 

здесь гад и gjk — соответственно поток и массовая концентрация к-й к о м ­
поненты в / -й фазе ; 1ит — интенсивность массопереноса к-й компонен­
ты при фазовом переходе Kjt ы — скорость образования 1-й компонен­
ты из к-й компоненты в жидкой фазе ( / = 2 в пленке, / = 3 в к а п л я х ) из-за* 
химической реакции. 
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Будем считать, что газовая фаза — калорически совершенный газ с 
удельными теплотами парообразования L i и Ь2 компонент А и Е ( / с = 1 , 2 ) . 

2 2 

1п=с{(Т-Т0) +LU il2=c2(T-T0) +L2, i2=U=c ( Г - Г о ) . 

Все теплофизические данные брали из ( 5 ) . В ы р а ж е н и я для / ( 1 2 ) , / , а так­
ж е для интенсивности срыва / ( 2 з ) и осаждения / ( 3 2 ) брали в соответствии 
с ( 2 , 3 ) . Местные сопротивления из-за поворотов трубы учитывали введе­
нием поправочного коэффициента % > 1 в силе / . 

Ряс. 1 

Всю образующуюся в жидкой фазе компоненту Е полагали мгновенно 
и с п а р я ю щ е й с я ( g r

2 i = g * 3 i = 0 ) ; интенсивность испарения тяжелой компо­
ненты А принимали в виде 

Jui)2=s(Uj(P2a—Pt2)i 7 = 2 , 3, 

где р2а(Т) и Pi2 — давление насыщения и парциальное давление компо­
ненты A, (Dj — кинетический параметр . Оценки показывают, что значения 
Ф; достаточно велики, чтобы реализовывалось равновесное испарение 

< р 4 2 = М П ) . 
Скорость химической реакции задавали законом Аррениуса 

Kitik=Ki°ih e x p (-EiJRT), 

где значения К^щ , зависящие от концентраций компоненты в i-ж фазе, 
и Eih брали согласно ( 6 ) . 

Приведенные уравнения образуют замкнутую систему. Н а рис. 1, где 
Mj=m/m, приведены результаты расчетов (кривые) вместе с эксперимен­
тальными данными (точки) , полученными на действующем реакционном 
змеевике установки замедленного коксования (у.з.к.) с внутренним диа­
метром трубы Z)=0,1 м, общей длиной Z 0 = 8 5 0 м и П-образными поворота­
м и через к а ж д ы е ~ 1 5 м. Рассмотрен режим с расходом смеси 772=10 кг /сек , 
газосодержанием на входе M i 0 = m 1 ( 0 ) / 7 7 i = 0 , 0 3 , давлением на входе р0= 
= 2 5 бар и распределением теплоподвода Q(z), показанным на рис. 1а. 
У п о м и н а в ш и й с я коэффициент местного сопротивления из-за поворотов 
трубы для данной конструкции был принят %=1,54 из условия совпадения 
расчетной и экспериментальной зависимости p(z) на одном режиме . Сов­
падение теоретических и экспериментальных данных для остальных пара­
метров — первое свидетельство адекватности модели. Анализ показал 
удовлетворительное совпадение теоретических и экспериментальных дан­
ных и на других режимах (другие m, Л/ 1 0 , р0, Q(z))- Таким образом, пока­
зана возможность проведения адекватного численного эксперимента на 
основе предложенной модели для изучения процесса в у.з.к. 
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Расчеты показывают наличие «кризиса второго рода», х а р а к т е р и з у е м о ­
го уменьшением (из-за испарения) до н у л я в сечении z. расхода и тол­
щ и н ы жидкой пленки, что должно приводить к ухудшению теплоотдачи 
от стенки и повышению ее температуры. Последнее и является причиной 
наблюдаемого пережога труб и постепенного закоксовывания («склеро­
за») проходного сечения из-за попадания капель на незащищенную плен­
кой раскаленную стенку трубы. Это подтверждается данными, показы­
вающими, что пережог и закоксовывание наиболее характерны на участке 
z>z*, где, согласно расчетам, поток полностью дисперсный, без пленки, , 
причем пленка исчезает несмотря на наличие в сечении z* большого ко­
личества жидкой ф а з ы (Af 3 >0,7, см. рис. 1а). Дело в том, что подавляю­
щ а я часть жидкости движется в виде капель в ядре и имеет скорость, п р а к ­
тически совпадающую со скоростью газа (z;!~z;3~20—50 м / с е к ) . Этот об­
н а р у ж е н н ы й в расчетах факт подтверждается совпадением измеренных 
значений времени пребывания жидкой и газовой фаз в трубе. 

В зависимости от вида исходного сырья с помощью численного экспе­
римента можно найти оптимальные значения конструкционных п а р а м е т ­
ров Д Z0 и у п р а в л я ю щ и х параметров р0, т, Mi0, Q(z). 

Рассмотренный в данной работе метод расчета газожидкостных т е ч е ­
ний многокомпонентных смесей с химическими реакциями и процессами 
массопереноса на примере течения в реакционном змеевике у.з.к. приме­
ним и к процессам термического крекинга , первичной перегонки н е ф т и , 
пиролиза нефтепродуктов и т. д. 

Авторы в ы р а ж а ю т благодарность акад. В. В. Струминскому, чл.-корр. 
А Н СССР В. В. Кафарову , А. С. Эйгенсону за полезное обсуждение. 
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УДК532.593 : 532.584 Г И Д Р О М Е Х А Н И К А 

Р.И. НИГМАТУЛИН, В.А. ПЫЖ 

УСИЛЕНИЕ УДАРНЫХ ВОЛН 
В ВОДНОЙ СУСПЕНЗИИ ГЛИНИСТЫХ ЧАСТИЦ 

(Представлено академиком Г.Г. Черным 20 XI1984) 

При экспериментальном исследовании распространения ударных волн в вод­
ных суспензиях бентонита обнаружен эффект аномального повышения давления во 
фронте волны по сравнению с инициирующим эту волну импульсом [1 ] . В суспен­
зиях, в которых основу твердой фазы в виде частиц коллоидного размера 6 ~ 1 ( Г 8 -
1 (Г 7 м составляет минерал монтмориллонит с массовым содержанием с = 6%, от 
опыта к опыту отмечено усиление этого эффекта при многократном ударном нагру-
жении [2 ] . Глинистые "растворы" на основе монтмориллонита обладают повышен­
ной кинетической устойчивостью при некоторой концентрации частиц в воде выше 
критической, выражающей свойство дисперсной системы не расслаиваться по вы­
соте (время седиментации оценивается годами). 

В данной работе представлены эксперименты с ударными волнами в суспен­
зии с частицами другого очень распространенного класса глинистых минералов -
каолинита. Сравнительно крупные частицы 5 ~ 1(Г б м образуют суспензии, обла­
дающие невысокой кинетической устойчивостью (скорость седиментации ~ 1(Г 6 м/с) 
даже при больших концентрациях твердой фазы в воде - порядка нескольких десят­
ков процентов. 

Целью исследований является изучение закономерностей, связанных с ано­
мальным "усилением" давления во фронте ударной волны, распространяющейся 
в гетерогенной системе, а также выявление влияния природы вещества дисперсной 
фазы на характер поведения ударной волны. 

1. Опыты проведены в ударной трубе [2 ] , волны в которой создавались за 
счет разрыва диафрагмы, отделяющей исследуемую двухфазную среду от камеры 
высокого давления. На свободную поверхность находящегося в покое семиметро­
вого вертикального столба смеси внезапно прикладывается сжимающее усиление -
давление Ре рабочего газа, аналогично непрерывно действующему поршню. По сус­
пензии сверху вниз распространяется падающая волна сжатия, при этом вещество 
между фронтом волны и свободной поверхностью деформируется и приобретает 
некоторую скорость, направленную к нижнему торцу трубы. На жестком торце 
происходит отражение волны, фронт движется в противоположную сторону, по­
ток вещества останавливается. При выходе отраженной волны сжатия на свобод­
ную поверхность жидкости образуется падающая волна разрежения, которая отра­
жается от нижнего торца трубы, затем выходит на свободную поверхность, далее 
цикл повторяется. 

Регистрация процесса распространения волн осуществлялась посредством 
малоинерционных преобразователей давления, расположенных вдоль трубы груп­
пами. Сигналы с двух измерительных датчиков каждой группы фиксировались на 
соответствующем двухлучевом осциллографе. 

При изучении распространения волн в суспензиях глины один эксперимент 
представлял собой последовательность нескольких ударных нагружений столба 
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Р и с 1. Тарировочные осциллограммы и х, Г-диаграмма 
волн сжатия и разрежения 

дисперсной системы. Удары в эксперименте сле­
довали друг за другом через 5—6 минут и были 
инициированы "поршнем" с одинаковым давле­
нием рабочего газа Ре = 2,4 МПа во всех пред-: 
ставленных в работе опытах. 

Для получения общей картины движения 
волн вдоль трубы использовались длительные 
развертки осциллографов ~ 1 0 мс. По результа­
там измерений строили волновые диаграммы в 
плоскости, х — высота столба смеси, t — время. 
В начале и в конце каждой серии ударных на-
гружений проводили тарировочные опыты в во­
де с целью контроля работы измерительного 
комплекса. Типичный тест показан на рис. 1. 
Интенсивность падающей волны Л « Ре = 2,4 
МПа, исходное давление смеси Р0 = 0,1 МПа. 
Волновая диаграмма в координатах х, t поясня­
ет процесс прохождения волн сжатия (сплошная 
жирная линия) и разрежения (штриховая). Ос­
циллограммы, изображенные на верхней фото­
графии, отвечают сигналам с двух измеритель­
ных датчиков, отстающих вниз по потоку от 
диафрагмы примерно на 2 м (группа А) , рассто­
яние между ними Ах = 0,25 м; верхний луч 
чика в группе, а нижний - с нижнего. 

— сигнал с верхнего пьезодат-
Тонкие горизонтальные линии 

на х, f-диаграммах обозначают расположение датчиков давления на трубе, их длина 
соответствует длительности развертки осциллографа данной группы. Осциллограм­
мы давления групп датчиков В (5 м) и С (7 м) смещены друг относительно друга 
вдоль оси t на интервалы, регистрируемые специальными измерителями времени 
(тонкие вертикальные линии). 

Медленный спад давления на нижней фотографии (группы С) объясняется 
стеканием электрического заряда с датчиков через входное сопротивление согла­
сующего датчик и осциллограф предусилителя. 

Анализ тестовых экспериментов показывает, что результаты находятся в 
согласии с акустическим приближением теории ударных волн. В частности, из 
х, Г-диаграммы следует, что скорости падающих и отраженных волн близки к ско­
рости звука в чистой воде. 

2. Эксперимент из 10 ударных нагружений водной суспензии каолинитового 
глинопорошка иллюстрирует волновые картины и осциллограммы на рис. 2, где 
показаны начальный удар, затем выборочно 5-й и 10-й. Интенсивность ударов, опре­
деляемая давлением в КВД поддерживалась одинаковой: Ре = 2,4 МПа. Плотность 
смеси ро = 1,18 • 10 3 к г / м 3 , на те = 25 кг воды приходилось ms = 8,5 кг глинопо-

ms 

рошка, что соответствует массовой концентрации частиц в воде с = • 100 « 
» 25%. 6 s 

Налицо качественные изменения в структуре фронта волны сжатия от опыта 
к опыту. Нарастает амплитуда скачка давления. Так, при первом ударе амплитуда 
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Рис. 2 . Осциллограммы давления и х, f-диаграммы в эксперименте из 10 ударных нагружений 
водной суспензии коалинитовой глины (Ре - 2,4 МПа, р 0 = 1,18 * 1 0 3 к г / м 3 , с = 25%, Р 0 = 0,1 МПа) 

фактически равна давлению Р\ » Ре = 2,4 МПа, задаваемому "поршнем" из КВД. 
Постепенно, к четвертому—пятому опыту давление в скачке возрастает в 3—4 раза 
на 5 - 7 МПа выше инициирующего, остающегося постоянным при каждом ударе. 
Амплитуда стабцдизируется, но происходит образование протяженной области из­
быточного давления АР = Р - Рг длительностью Ат, следующей за скачком (рис. За). 
Эта область со временем релаксирует до равновесного уровня давления Р\ волны 
в воде при отсутствии частиц, инициированной импульсом такой же интенсивности. 
Спад АР до нуля интерпретируется на х, £-диаграммах как волна разрежения, от­
стающая от скачка сжатия на время Ат. На рис. 36 приведены экспериментальные 
данные роста избыточного давления А Р т а х , а также длительности релаксационной 
зоны Ат в зависимости от номера удара л, которые характеризует описанный выше 
эффект при десятикратном ударном нагружений 25% суспензии каолинитовой глины. 
Здесь же приведены значения А Р т а х и Ат для и= 14 ,15 ,16 , полученные в аналогич­
ном эксперименте, проведенном в суспензии с массовым содержанием глины с & 
^ 3 3 % . С ростом концентрации частиц и номера удара п эффект усиливается. 

Следует отметить, что во всех опытах скорости фронта падающей и отражен­
ной волн одинаковы: Dx = D2 = 1450 ± 50 м/с; они близки к скорости звука в чистой 
воде. Осциллограммы давления показывают, что характер отражения волн сжатия 
и разрежения как от жесткого торца, так и от свободной поверхности смеси близок 
к акустическому. 
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Рис. 3 . Схема осциллограммы (д ) , график изменения параметров Д Р т а х и Д т во фронте волны в 
зависимости от номера удара п (с = 25%, с = 33%) (б) 

Многократное воздействие ударными волнами на суспензию приводит к появ­
лению в волне избыточного (относительно инициирующего импульса) давления, 
средняя величина которого монотонно возрастает от опыта к опыту. Усиление избы­
точного давления характеризуется постепенным ростом амплитуды, а также уве­
личением длительности зоны повышенного давления. Напомним, что ранее [2] 
аналогичный эффект во фронте ударной волны наблюдался в суспензиях, где основа 
дисперсной фазы минерал монтмориллонит с массовой концентрацией с = 6% и 
5 = 1 0 " 8 - 1 0 " 7 м. Однако в этих экспериментах рост Ат и самого давления в скачке 
происходит до четвертого удара, далее амплитуда и длительность зоны избыточного 
давления стабилизировались. В опытах в суспензии с каолинитовыми частицами 
"насыщение" Ат намечается только после пятнадцатого-шестнадцатого удара при 
практически постоянной амплитуде А Р т а х . 

Отметим еще одно отличие. В каолинитовой суспензии с с = 20-30% незави­
симо от номера удара во всех опытах с инициирующим импульсом Ре = 2,4 МПа, 
скорость распространения падающих и отраженных волн постоянна и практически 
не отличается от скорости звука в чистой воде — 1450 м/с, отражение волны от кон­
тактных поверхностей акустическое. В суспензии же с частицами монтмориллонита 
уже при концентрации с = 10-15% в диапазоне инициирующих давлений Ре = 2 -
3 МПа наблюдается ярко выраженная нелинейность: замедление движения фронта 
падающей волны до 450-250 м/с, неакустическое отражение от жесткой стенки 
Рг/Р\ = 7 - 1 5 со скоростью, близкой к скорости звука в воде D2 ^ 1450 м/с (Р2 и 
D2 - соответственно даление и скорость фронта отраженной волны) [3] . 
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On the forced oscillations of a small gas bubble
in a spherical liquid-filled flask

By R. I. N I G M A T U L I N1, I. S H. A K H A T O V1,
N. K. V A K H I T O V A1 AND R. T. L A H E Y, J R2

1 Tyumen Institute of Mechanics of Multiphase Systems (TIMMS), Ufa-Bashkortostan Branch of
the Russian Academy of Sciences, 450000 Ufa, K. Marx 6, Russia

2 Center for Multiphase Research, Rensselaer Polytechnic Institute, Troy, NY 12180-3590, USA

(Received 17 July 1998 and in revised form 25 January 2000)

A spherically-symmetric problem is considered in which a small gas bubble at the
centre of a spherical flask filled with a compressible liquid is excited by small radial
displacements of the flask wall. The bubble may be compressed, expanded and made
to undergo periodic radial oscillations. Two asymptotic solutions have been found
for the low-Mach-number stage. The first one is an asymptotic solution for the field
far from the bubble, and it corresponds to the linear wave equation. The second
one is an asymptotic solution for the field near the bubble, which corresponds to
the Rayleigh–Plesset equation for an incompressible fluid. For the analytical solution
of the low-Mach-number regime, matching of these asymptotic solutions is done,
yielding a generalization of the Rayleigh–Plesset equation. This generalization takes
into account liquid compressibility and includes ordinary differential equations (one
of which is similar to the well-known Herring equation) and a difference equation
with both lagging and leading time. These asymptotic solutions are used as boundary
conditions for bubble implosion using numerical codes which are based on partial
differential conservation equations. Both inverse and direct problems are considered
in this study. The inverse problem is when the bubble radial motion is given and
the evolution of the flask wall pressure and velocity is to be calculated. The inverse
solution is important if one is to achieve superhigh gas temperatures using non-
periodic forcing (Nigmatulin et al. 1996). In contrast, the direct problem is when the
evolution of the flask wall pressure or velocity is given, and one wants to calculate
the evolution of the bubble radius. Linear and nonlinear periodic bubble oscillations
are analysed analytically. Nonlinear resonant and near-resonant periodic solutions
for the bubble non-harmonic oscillations, which are excited by harmonic pressure
oscillations on the flask wall, are obtained. The applicability of this approach bubble
oscillations in experiments on single-bubble sonoluminescence is discussed.

1. Introduction
Let us consider the spherically-symmetric radial flow of a compressible liquid in a

spherical flask which has a small spherical gas bubble located at the centre (figure
1). The instantaneous radius of the flask is R(t) and that of the bubble is a(t). Let us
assume that the bubble is very small:

a� R. (1.1)

We further assume that the flask wall is undergoing small-amplitude high-frequency
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Flask

Bubble

Liquid

Figure 1. Schematic of the spherically-symmetric problem of an oscillating gas bubble in a
liquid-filled flask.

spherically-symmetric displacements, δ, where

δ(t, R)� R(t). (1.2)

If the pressure disturbances are not large enough to appreciably change the density
of the liquid and the wavelength of the pressure wave in the liquid, λ, is much larger
than the bubble’s radius a, then for the mathematical modelling of the process one
may use the approximation of an incompressible liquid, for which the momentum
equation becomes the well-known Rayleigh–Plesset equation (Rayleigh 1917; Knapp,
Dayly & Hammitt 1970; Nigmatulin 1991):

a
dwa
dt

+ 3
2
w2
a =

pa − p∞
ρ

, wa =
da

dt
, pa = pg(a)− 2σ

a
− 4µwa

a
, (1.3a–c)

where ρ, µ, σ are the density, viscosity and surface tension of the liquid, respectively,
wa and pa are the radial velocity and the pressure of the liquid on the bubble’s
interface, pg is the pressure of the gas in the bubble, and p∞ is the pressure of the
liquid far from the bubble.

Previously the influence of liquid compressibility on the volume oscillations of a
gas bubble was considered taking into account acoustic radiation damping (Herring
1941; see also Knapp et al. 1970; Nigmatulin 1991), which leads to the well-known
approximate equation
(

1−α1

wa

C

)
a

dwa
dt

+
3

2

(
1−α2

wa

C

)
w2
a =

(
1+α3

wa

C

)
pa − p∞

ρ
+

a

ρC

d(pa − p∞)

dt
. (1.4)

This equation looks like the Rayleigh–Plesset equation but it has additional terms:
(a/ρC)d(pa − p∞)/dt and wa/C , where C is the sound speed in the liquid, and
αi(i = 1, 2, 3) are the coefficients (αi ∼ 1).

A systematic theory has been presented by Prosperetti & Lezzi (1986) and Lezzi
& Prosperetti (1987) for the radial motion of a spherical bubble in an infinite weakly
compressible liquid. A whole family of equations for bubble oscillations has been
obtained including (1.4) and other authors’ equations as specific cases. All these
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equations are shown to be equivalent as they have the same order of accuracy for
Mach number, M = wa/C . In deriving these equations, the assumption was made
that bubble oscillations did not affect the outer acoustic field pressure at infinity.
Indeed, the fact that the fluid is unbounded permits one to consider the problem of
bubble oscillations separately from the acoustic problem.

The present paper deals with the problem of the oscillations of a gas bubble in
a liquid-filled flask of finite size, in which the flask wall is used to excite the liquid.
As shown, the problem may be reduced to an equation for the evolution of bubble
radius which is similar to the Herring equation. However, instead of the pressure far
from the bubble, p∞, another pressure, pI , appears, which is the incident pressure.
Significantly, the incident pressure differs both from the pressure at local infinity, p∞,
and from the pressure on the flask wall, pR . In fact, it takes into account interacting
waves and must be calculated using a difference differential equation including the
bubble radius, a(t), and the pressure on the flask, pR(t).

2. Problem formulation
The posing of the problem for the spherically-symmetric radial flow (i.e. a radial

velocity field w(t, r)) of a compressible liquid around a spherical bubble includes the
differential equations of mass and momentum, the barotropic equation of state for
pressure p (which only depends on liquid density ρ), the boundary conditions on
the bubble’s interface (r = a) and on the wall of the flask (r = R), and the initial
conditions at t = 0:

∂ρ

∂t
+
∂(ρw)

∂r
+

2ρw

r
= 0, (2.1)

ρ
∂w

∂t
+ ρw

∂w

∂r
+
∂p

∂r
= 0, (2.2)

p = p(ρ); (2.3)

r = R: p = pR(t) or w = wR(t); (2.4)

r = a: p = pa, w = wa

(
pa = pg(a)− 2σ

a
− 2µ

∂w

∂r
, wa =

da

dt
≡ a′

)
; (2.5)

t = 0: a = a0, a′ = w0. (2.6)

The boundary condition at r = R corresponds to interaction with some body (e.g.
a piezoelectric transducer) contacting with the wall of the flask and pR(t) or wR(t)
must be given.

Below it is shown that the space between the bubble’s interface and the internal
surface of the flask consists of three zones:

(1) The far field, or external region, where weak compressibility of the liquid is
essential but convective displacements of the liquid, δ(t, r), are small (δ � r), and the
nonlinear convective terms in the mass and momentum conservation equations are
negligibly small. In this zone, the motion of the liquid has an acoustic wave character
with finite speed of disturbance propagation determined by a constant sound speed
at the initial state.

(2) The near field of the bubble, or internal region, where the liquid may be consid-
ered incompressible and motion occurs only because of compression and expansion
of the bubble, and nonlinear inertia forces, because of the convective accelerations,
are essential.
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(3) An intermediate zone where both the liquid compressibility and nonlinear inertia
forces, because of the convective accelerations, are essential.

In the first two zones it is possible to obtain asymptotic analytical solutions.

3. External asymptotic solution far from the bubble
In the external zone far from the bubble (r2 � a2) convective derivatives of density

and velocity are small.

w
∂ρ

∂r
� ∂ρ

∂t
, w

∂w

∂r
� ∂w

∂t
, (3.1)

which follows from the estimations

w
∂ρ

∂r
∼ w∆ρ

λR
,

∂ρ

∂t
∼ ∆ρ

tR
, w

∂w

∂r
∼ w2

λR
,

∂w

∂t
∼ w

tR
(3.2)

(
w ∼ wRR

2

r2
, λR = CtR

)
.

Here λR and tR are the length and the period of the wave disturbance in the liquid in
the external zone, and wR is a characteristic velocity of the liquid on the flask wall.
We note that tR is the characteristic period of the oscillations of the flask. The ratio
of the nonlinear convective and time derivatives is proportional to the ratio of the
flask displacement (wRtR) to the length of the flask wave (λR), or the characteristic
Mach number, MR , of flask motion:

w
∂ρ/∂r

∂ρ/∂t
∼ w∂w/∂r

∂w/∂t
∼ wtR

λR
∼ R2wRtR

r2λR
=
R2

r2

wR

C
=
R2

r2
MR � 1, (3.3)

which is supposed to be small for r ∼ R (i.e. we study the low-Mach-number regime
for small displacements of the flask). Thus one may neglect the nonlinear convective
terms in the momentum and mass conservation equations, (2.1)–(2.3), compared with
the temporal acceleration terms, and these equations for velocity and pressure in the
‘external’ field (i.e. r � a, w ≈ wex , p ≈ pex ) reduce to the following linear acoustic
equations:

∂2ϕex

∂t2
= C2 1

r2

∂

∂r

(
r2 ∂ϕex

∂r

)
, C2 =

(
dp

dρ

)

0

, pex = p0 − ρ∂ϕex

∂t
, wex =

∂ϕex

∂r
.

(3.4)

Here density, ρ, and sound speed, C , correspond to an initial state of rest.
The solution to the equation (3.4) is well-known and thus the external asymptotic

solution for the velocity potential can be expressed as

ϕex =
1

r

[
ψ1

(
t− r

C

)
+ ψ2

(
t+

r

C

)]
, (3.5)

where ψ2 and ψ1 characterize the incident and the reflected acoustic waves, respec-
tively.

4. Internal asymptotic solution near the bubble
The internal zone near the bubble has a radius, r = O(a), which is small compared

to the radius of the flask R. In this zone, during the characteristic time of bubble
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compression, ta, the displacements of the liquid are about one bubble radius, wata ∼
a. For low Mach numbers near the bubble, Ma ≡ wa/C � 1, this assumption
corresponds to long waves near the bubble: λa ∼ Cta � a. In such a case, if the
relative change of the liquid density near the bubble is assumed to be small, then in
the internal zone (w = win , ϕ = ϕin) the asymptotic solution of an incompressible
fluid is valid (see also Landau & Lifshitz 1959; Feynman, Leighton & Sands 1964),
thus equation (2.1) yields

∂

∂r

(
r2 ∂ϕin

∂r

)
= 0, win =

∂ϕin

∂r
. (4.1)

The solution of this equation together with the boundary conditions on the bubble
interface (r = a: w = wa ≡ a′) is

ϕin = −a
′a2

r
, win =

a′a2

r2
. (4.2)

The Bernoulli integral in this case includes a component corresponding to a
nonlinear convective inertia force (w2/2), and has the form

∂ϕin

∂t
+
w2

in

2
+
pin

ρ
= Fin(t). (4.3)

This equation in conjunction with equation (4.2) and the boundary condition (2.5)
on the bubble interface (r = a) leads to the Rayleigh–Plesset equation (1.3), where p∞
is the pressure at ‘intermediate infinity’ (r = r∞), which is far from the bubble, and
far from the surface of the flask, i.e. a � r∞ � R. Using this integral, one can find
the asymptotic solution for the pressure distribution in the internal zone:

pin = pa − ρ(aa′′ + 3
2
(a′)2) +

ρ

r
(a2a′)′ − ρ

2

a4(a′)2

r4
. (4.4)

This result will be useful in the next section for the matching procedure.

5. Matching of the asymptotic solutions
To obtain an equation for the radial motion of gas bubbles for a given excitation on

the flask (2.4), and taking into account liquid compressibility, it is necessary that the
asymptotic solutions in the external and internal zones be matched in the intermediate
zone. For the internal asymptotic solution the intermediate zone is at infinity (r →∞),
but for the external asymptotic solutions the intermediate zone is near the centre of
the flask (r → 0). As a matching condition in the intermediate zone the equality
of volumetric flow 4πr2w and pressure p was imposed for the internal and external
asymptotic solutions. Thus the radial coordinate in the asymptotic solution for the
internal zone (r ∼ a) should tend to infinity (r → ∞) and in the asymptotic solution
for the external zone (r ∼ R) it should tend to zero (r → 0):

4πr2win

∣∣
r→∞ = 4πr2wex

∣∣
r→0, pin |r→∞ = pex | r→0. (5.1)

Taking into account that the volumetric flow for an incompressible fluid depends
only on time:

4πr2win = 4πr2 ∂ϕin

∂r
= 4πa2 da

dt
≡ 4πQ(t) (Q ≡ a2a′), (5.2)
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we may rewrite the first equation in (5.1) as

r2 ∂ϕex

∂r

∣∣∣∣
r→0

= a2 da

dt
. (5.3)

Thus,

r2 ∂ϕex

∂r

∣∣∣∣
r→0

=−
[
ψ1

(
t− r

C

)
+ ψ2

(
t+

r

C

)]
+
r

C

[
− ψ′1

(
t− r

C

)
+ ψ′2

(
t+

r

C

)]∣∣∣∣
r→0

→ −ψ1(t)− ψ2(t), (5.4)

where the prime corresponds to the derivative. Then from (5.3), (5.4) the relation
between the incident and reflected waves is

ψ1 = −ψ2 − a2a′. (5.5)

Thus from (3.5), (4.2) one has the asymptotic solution for the velocity potential in
the external and internal zones as

ϕex =
1

r

[
ψ2

(
t+

r

C

)
− ψ2

(
t− r

C

)
− Q

(
t− r

C

)]
, ϕin = −Q(t)

r
. (5.6)

Using (3.4), (5.6), we find the asymptotic solutions for pressure distributions in the
external zone:

pex = p0 − ρ∂ϕex

∂t
= p0 − ρ

r

[
ψ′2

(
t+

r

C

)
− ψ′2

(
t− r

C

)
− Q′

(
t− r

C

)]
. (5.7)

Substitution of (4.4) and (5.7) into the second matching condition in (5.1) leads to
the long wave approximation of the equation for bubble oscillations in a compressible
liquid:

aa′′ + 3
2
a′2 =

pa − p0

ρ
+

1

C

[
2ψ′′2 (t) + Q′′(t)

]
. (5.8)

Here the term Q′′(t)/C is responsible for the influence of bubble oscillations on the
reflected pressure wave.

The pressure on the flask wall (r = R) may be expressed using the external
asymptotic solution (5.7):

pR(t) = p0 − ρ

R

[
ψ′2

(
t+

R

C

)
− ψ′2

(
t− R

C

)
− Q′

(
t− R

C

)]
. (5.9)

From equations (1.3) and (5.8) the expression for the pressure, p∞, at the internal
‘infinity’ (i.e. far from the bubble, but near the centre compared with the radius of
the flask) is

p∞ = p0 − ρ

C

[
2ψ′′2 (t) + Q′′(t)

]
. (5.10)

Equations (5.8) and (5.9) are the expressions sought in the matching procedure.

6. The system of equations for bubble motion
It is important that (5.8) depends on Q′′, having the third derivative of the bubble

radius, a′′′(t). The dependence of the solution for bubble radius, a(t), on the third
derivative, a′′′(t), was noted previously by Prosperetti & Lezzi (1986), and Prosperetti
(1994). However, for the low-Mach-number, or long-wave, approximation one may use
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the simple asymptotic solution without the third derivative. Indeed, the components
of (5.8) may be estimated as

aa′′ ∼ (a′)2 ∼ a2

t2a
,

1

C
Q′′(t) ≡ 1

C
(a2a′)′′ ∼ a3

t3aC
, (6.1)

and their ratio is determined by a small parameter for the case of the assumed
long-wave, or low-Mach-number regime in the internal zone (see the discussion in
the § 4):

Q′′/C
aa′′

∼ Q′′/C
Q′/a

∼ a

taC
∼ a

λa
∼ a′

C
∼ εa � 1. (6.2)

Taking into account

Q′

a
≡ aa′′ + 2a′2, aa′′ + 3

2
a′2 ≡ Q′

a
− 1

2
a′2, (6.3)

we may rewrite (5.8), introducing the incident (wave) pressure pI , as

Q′

a
− a′2

2
=
pa − p1

ρ
+
Q′′

C
, pI (t) = p0 − 2ρ

C
ψ′′2 . (6.4)

Note that the so-called incident pressure pI is the regular (i.e. non-singular) part of
the liquid pressure (5.9), extrapolated to the centre of the bubble.

Suppose that the term Q′′(t)/C is small in (6.2). This expression may then be
simplified:

Q′ = a

[
a′2

2
+
pa − pI
ρ

]
(1 + O(εa)). (6.5)

Differentiating with respect to time, t, one obtains the long-wave and low-Mach-
number approximation for Q′′(t)/C:

Q′′

C
(1 + O(εa)) =

[
aa′′ +

a′2

2
+
pa − pI
ρ0

]
a′

C
+

a

ρC

d

dt
[pa − pI ]. (6.6)

Substituting (6.6) into (5.8) and neglecting the values of O(ε2a) we obtain
(

1− a′

C

)
aa′′ +

3

2

(
1− a′

3C

)
a′2 =

(
1 +

a′

C

)
pa − pI
ρ

+
a

ρC

d

dt
[pa − pI ]. (6.7)

For small Mach number (Ma ≡ a′/C) the correction terms in the square brackets
of this equation may be neglected.

Finally, the evolution of the radius of the spherical bubble in the centre of a spherical
flask filled with a viscous, weakly compressible, liquid excited by radial displacements
of the flask in the long-wave regime, for low Mach number, is described by the
following system of equations resulting from (5.9), (6.4) and (6.7):

aa′′ + 3
2
a′2 =

pa − pI
ρ

+
a

ρC

d

dt
[pa − pI ], (6.8)

pR(t) = p0 − ρ

R

[
ψ′2

(
t+

R

C

)
− ψ′2

(
t− R

C

)
− Q′

(
t− R

C

)]
, (6.9)

pI (t) ≡ p0 − 2ρ

C
ψ′′2 , Q(t) ≡ a2a′. (6.10)

This system of coupled ordinary difference-differential equations (6.8) and (6.9) has
both lagging (retarding) and leading potentials. It is closed by specifying the density
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ρ, and sound speed C of the liquid. The value of the liquid pressure on the bubble’s
interface, pa, is calculated from the boundary condition on the bubble’s interface
(r = a), where it is necessary to use the surface tension σ and viscosity µ of the
liquid (see (1.3c)) and an equation of state for the gas bubble pg(a) (in particular, the
polytropic law with an exponent κ):

pg = (p0 + 2/a0)
(
a/a0

)−3κ
(1 < κ < γ), (6.11)

where γ is the adiabatic exponent of the gas.
One of the boundary conditions (2.4) on the flask wall (r = R) determines the

external excitation of the system. The initial conditions are determined by (2.6).
Notice that (6.8) is similar in form to the Herring equation (1.4). However in (6.8)

instead of the liquid pressure at infinity, p∞, the incident pressure, pI , appears.
It is important to note that the incident pressure, pI , is not the same as p∞, nor the

flask wall pressure pR(t). The incident pressure pI , given by (6.10), takes into account
the convergent waves (given by the function ψ2(t)) coming to the bubble from the flask.

One might suppose that the incident pressure pI corresponds to the pressure of
the liquid at the centre of the flask when there is no bubble. However, this is true
only for the trivial case when the incident pressure is constant (pI = const), i.e. for
free oscillations. For forced oscillations the incident pressure pI is influenced and
compensated by bubble expansion or compression (note the Q′ term in (6.9)). In
particular, for the periodic flask resonance regime the liquid pressure at the centre
of the flask without a bubble may be infinite; however pI is always finite (see § 9).
It is important to note that the incident pressure pI is calculated only after solving
the coupled problem, i.e. equations (6.8)–(6.10), for interacting flask and bubble
oscillations.

7. Inverse problem
Interestingly, using equations (6.8)–(6.10), it is easy to solve the inverse problem;

that is knowing the evolution of the bubble radius a(t) to calculate the required
evolution of the pressure on the flask wall pR(t). The inverse solution is important if
one is to achieve superhigh gas temperatures using non-periodic forcing (Nigmatulin
et al. 1996). In order to obtain the inverse solution it is necessary to first calculate the
incident pressure pI (t) using the linear (relatively to pI ) differential equation (6.8):

dpI
dt
− C

a
pI =

d

dt
pa +

C

a
pa − ρC

a
(aa′′ + 3

2
a′2). (7.1)

Then for the forcing function ψ2, there is an integral, following from (6.12):

ψ′2(t) =
C

2ρ

∫ t

0

[p0 − pI (t′)] dt′, (7.2)

and finally, knowing ψ′2(t) and Q′(t) ≡ a2a′′ + 2(a′)2, one may calculate the pressure
on the flask wall pR(t) using the difference equation (6.9).

The ‘semi-inverse’ problem is when, knowing the incident pressure pI (t), the evolu-
tion of the bubble radius a(t) and Q′(t) are calculated solving the differential equation
(6.10). Then the evolution of the pressure distribution, pex (t, r), in the external field,
in particular the evolution of the flask pressure, pR(t) at r = R, is calculated using
(7.2) and (5.7):

pex (t, r) = p0 +
C

2r

∫ t+r/c

t−r/c
[pI (t

′)− p0] dt′ +
ρ

r
Q′(t− r/c). (7.3)
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Figure 2. ‘Basketball dribbling’ regime exciting of a gas bubble (a0 = 35 µm) in water (p0 = 1
bar, T0 = 300 K) in a spherical flask (R = 5 cm) for relatively small forcing compression pressure
(pmax∞ = 2 bar).

Similarly, the evolution of the pressure in the internal field is calculated using (4.4):

pin(t, r) = pI (t) +
a

C

dpI (t)

dt
− a

C

dpa
dt

+
ρ

r
(a2a′)′ − ρ

2

a4(a′)2

r4
. (7.4)

The inverse problem solution was used for calculating the flask’s wall pressure
evolution, pR(t), required to give a coordinated non-periodic resonant ‘basketball
dribbling regime’ (Nigmatulin et al. 1995, 1996; Nigmatulin & Lahey 1995). This
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method of excitation allows the system kinetic energy to be progressively increased by
moderate-amplitude forcing of the flask pressure ∆pR (see figure 2) due to coordination
between the bubble radius evolution a(t), evolution of pressure at local infinity, p∞(t),
and pressure at the flask wall, pR(t).

8. The direct problem
The direct problem is as follows: knowing the evolution of the flask wall pressure

pR(t) or flask wall velocity wR(t), to calculate the evolution of the bubble radius
a(t). In the general case the solution of the direct problem may be obtained by the
numerical integration of the system of partial differential equations (2.1)–(2.5). The
direct numerical simulation of the process of forming the periodic regime for very
small bubbles (a� R) often requires an enormous quantity of computer time.

For the case of long-wave disturbances and weak compressibility of the liquid,
we may use a much more ‘economical’ analytical approach taking into account the
internal asymptotic solution near the bubble and external asymptotic solution far
from the bubble.

An analytical approach to the direct problem follows after differentiating with
respect to time the equation for the flask wall pressure (6.9):

dpR
dt

= − ρ
R

[
ψ′′2

(
t+

R

C

)
− ψ′′2

(
t− R

C

)
− Q′′

(
t− R

C

)]
, (8.1)

Taking into account that (see (6.10))

−ψ′′2 (t) =
C

2ρ
[pI (t)− p0], (8.2)

one obtains a recursion formula for calculating the incident pressure pI :

pI

(
t+

R

C

)
= pI

(
t− R

C

)
+

2R

C
p′R(t)− 2ρ

C
Q′′
(
t− R

C

)
. (8.3)

This equation allows one to calculate the values of the incident pressure pI at a
later time (t+R/C) by using the same pressure pI , the derivative of the flask pressure
p′R(t), and the second derivative of Q, at earlier times (i.e. t and t− R/C). As a result
if one knows the evolution of the bubble radius during the time period ∆t = R/C (in
particular it may be the state of rest before excitation began) then the last recurrent
equation determines the incident pressure pI for any later time until the flask pressure
is given.

Using simplified expression (6.6) for Q′′, for the long-wave and low-Mach-number
approximation, one may write the recurrent equation for the incident pressure as

pI

(
t+

R

C

)
= pA + pB, (8.4a)

pA = pI

(
t− R

C

)
+

2R

C
p′R(t), (8.4b)

pB = −2

{[
ρ

(
aa′′ +

a′2

2

)
+ (pa(a, a

′)− pI )
]
a′

C
+
a

C

d

dt
[pa(a, a

′)− pI ]
} ∣∣∣∣

t−R/C
. (8.4c)

Thus the incident pressure consists of two components. The first, pA, is the pressure
corresponding to an acoustical process in the flask filled with a liquid but without
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Figure 3. Excitation of adiabatic (κ = γ) gas bubble (a0 = 10 µm) oscillations in a flask (R = 5 cm)
filled with water (p0 = 1 bar, T0 = 300 K) when the flask wall produces sinusoidal pressure
oscillations of amplitude ∆poR = 0.25 bar, and frequency, f = f3 = 45 kHz. (a) Comparison with the
numerical solution of Moss et al. (1994) given by the dotted line. (b) The first few periods of bubble
oscillations. (c) The periodic regime which corresponds to the resonant case (k = 3 or f = f3).

a bubble. The second, pB , is the pressure due to reaction on the flask’s wall due to
bubble oscillations.

In Moss et al. (1994) a numerical code for partial differential conservation equations
was used to calculate the bubble’s behaviour not only for the bubble implosion stage
but for the long-wavelength and low-Mach-number stage as well. In this numerical
analysis the asymptotic solution of the incompressible liquid near the bubble was not
used. The direct problem was solved for a sinusoidal pressure change on the flask:

pR(t) =

{
p0 for t 6 0
p0 − ∆poR sinωt for t > 0,

(8.5)

where ∆poR is the amplitude of pressure on the flask wall, ω = 2π f is angular
frequency. The bubble radius a(t) was calculated, but only for the first oscillation
and not for the periodic regime, which takes place only after many oscillations have
washed out the initial condition. Significantly, the periodic regime is what is normally
measured in experiments.

In figure 3 the results of our calculations are presented (solid line). The first
oscillation agrees with the Moss et al. (1994) calculation (dotted line). One can see
that the second oscillation differs essentially from the first, the third differs from the
second and so on. For the isothermal behaviour of the bubble, radius oscillations
practically coincide with those for the adiabatic behaviour, with the exception of the
moments of maximum compression: for the isothermal behaviour the depth of the
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collapse is essentially less. And only after many oscillations (t� ω−1) does a periodic
regime take place. This is connected with the inertia of the liquid in the flask, ∼ ρR3.
In fact, it is the mass of the liquid that delays beginning the periodic regime of
pressure at local infinity, p∞. The delay of the periodic regime of bubble oscillations
after the beginning the periodic regime for p∞ is much smaller because it determined
by the virtual mass of the liquid around the bubble, ∼ ρa3 � ρR3.

It follows that the most interesting solution should be for the periodic regime.
However, a direct numerical solution of the initial value problem for the periodic
regime is very time consuming.

It should be noted also that heat transfer phenomena in the bubble are of great
importance. The detailed analysis of the temperature effects in the bubble will be
presented in a separate paper (Nigmatulin, Akhatov & Vakhitova 1999a; Nigmatulin
et al. 1999b). Here we provide some estimations to decide if it is possible to use an
isothermal or adiabatic approximation as the equation of state for the gas bubble.

The gas temperature on the bubble’s interface is practically constant and equal to
the temperature of the liquid, T0. There is a thermal boundary layer near the interface
where the gas temperature varies from T0 on the interface to the bulk temperature
of the gas T , which is varying with time because of the compression or expansion of
the gas bubble.

A well-known estimation of the transient thermal boundary layer thickness in the
bubble is given by

δr(T ) ≈ π
√
ν

(T )
g δt, ν(T )

g = λg/(ρgcp). (8.6)

Here ν(T )
g , λg , ρg , cp are temperature diffusivity, heat conduction, density and heat

capacity of the bubble gas, respectively, and δt is the characteristic time scale of the
process. The heat conduction coefficient depends on the gas temperature (Vargaftik
1972) as

λg

λg0

=

(
T

T0

)α
(α ≈ 0.8). (8.7)

Taking into account (6.13) and that

T

T0

=

(
a

a0

)−3(κ−1)

(1 < κ < γ),
ρg

ρg0

=

(
a

a0

)−3

, (8.8)

and neglecting by variation of heat capacity (cp ∼ const) one can obtain the following
estimation for the temperature diffusivity coefficient:

ν(T )
g

ν
(T )
g0

=

(
a

a0

)3(1.8−0.8κ)

. (8.9)

Let us estimate the relative boundary layer thickness δr(T )/a for the bubble with

equilibrium size a0 ∼ 10−5 m oscillating in water (ν(T )
g0 = 10−6 m2 s−1) with period

tω ∼ 10−5 s. For the low-Mach-number stage (δt ∼ tω ∼ 10−5 s, a ∼ a0 ∼ 10−5 m,
v(T )
g ∼ 10−6 m2 s−1) the relative boundary layer thickness is δr(T )/a ∼ 1 and therefore

the best approximation is an isothermal one (κ ≈ 1).
For the same bubble (a0 ∼ 10−5 m) during an implosion, i.e. the large-Mach-number

stage, δt ∼ 10−8 s, a ∼ 10−6 m, the relative boundary layer thickness is δr(T )/a < 0.05
and therefore the adiabatic approximation (κ ≈ γ) may be used.
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9. Linear harmonic forced oscillations
A priori it is clear that the problem has two characteristic frequencies. The first

is the circular-flask frequency, ωR , determined by the time, tR = 2R/C , for acoustic
wave propagation over the distance 2R from the flask wall to its centre and back; the
second is the circular-bubble free oscillation frequency (i.e. the Minnaert frequency),
ωa:

ωR = 2πfR =
2π

tR
=
πC

R
, ωa =

1

a0

√
3κσp0

ρ
, κσ = κ+

3κ− 1

3

2σ

a0p0

. (9.1)

Let us consider the small oscillations of a bubble forced by flask oscillations.
Introducing small disturbances:

∆a = a− a0 � a0, ∆pI = pI − p0 � p0, ∆pR = pR − p0 � p0, (9.2)

and after linearization the equations for these disturbances may be written

d2

dt2
∆a+ ωa(ηµ + ηC)

d

dt
∆a+ ω2

a∆a =
∆pI
ρa0

− 1

ρC

d

dt
∆pI , (9.3)

∆pI
∣∣
t+R/C = ∆pI

∣∣
t−R/C +

2R

C

d

dt
∆pF

∣∣∣∣
t

+
3κσp0

C

d

dt
∆a

∣∣∣∣
t−R/C

(9.4)

(
ηµ ≡ 4µ

ρa0

√
ρ

3κσp0

, ηC ≡ 1

C

√
3κσp0

ρ
� 1

)
.

Here it was taken into account, that ηµηC � 1.
Let us consider forced steady harmonic oscillations with a given arbitrary frequency

ω:

∆pR/p0 = ApReiωt, ∆pI/p0 = ApIe
iωt, ∆a/a0 = Aae

iωt, (9.5)

where ApR, ApI , Aa are small relative (non-dimensional) amplitudes of the flask wall
pressure, incident pressure and bubble radius, respectively. We note that the amplitude
of the flask pressure should be given.

Substituting the assumed harmonic solutions (9.5) into (9.3), (9.4) we obtain the
equations for the relative amplitudes:

Aa = − Ka

3κσ
ApI , Ka =

ω2
a[1 + i(ωa0/C)]

ω2
a + iωa(ηµ + ηC)ω − ω2

, (9.6)

ApI sin

(
ωR

C

)
=

(
ωR

C

)
ApR + 3κσ

(ωa0

C

)
exp

(
− iωR

C

)
Aa. (9.7)

Then the response function, which is the ratio of the relative amplitude of the
bubble radius, Aa, to the the relative amplitude of the forcing flask pressure, ApR , may
be presented as a function of the non-dimensional flask frequency, ω, related to the
flask resonant frequency, ωR:

Aa

ApR
= − 1

3γσ

πω[1 + δ(ω)]

sin πω + εaπ[1 + δ(ω)]ω exp (−πω)
, (9.8)
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Figure 4. Amplitude–frequency response functions for harmonic oscillations of the isothermal
(κ = 1) bubble (a0 = 10 µm (ωa = 2160 kHz), a0 = 100 µm (ωa = 206 kHz), a0 = 500 µm
(ωa = 41.03 kHz)) in a flask (R = 5 cm, ωR = ω1 = 94.2 kHz) filled with water (p0 = 1 bar).

δ(ω) ≡ ε2ωω
2 + i[πεa − (ηµ + ηC)εω]ω

1− ε2ωω2 + iεω − (ηµ + ηC)ω
,

ω ≡ ω

ωR
, εa ≡ a0

R
, εω ≡ ωR

ωa
≡ a0

R

πC√
3κσp0/ρ

.

Typical amplitude–frequency response functions corresponding to (9.8) are shown
on figure 4 for a flask of radius R = 5 cm, which is filled with water. The first flask
resonance frequency (ω = 1) corresponds to f1 = 15 kHz (i.e. ω1 = 94.2 kHz).

For an extremely small bubble, which is small not only compared with the flask
(εa � 1), but even εω is small, and bearing in mind that usually ηµ < 1, ηC � 1, it
is easy to see that the resonance corresponding to the maximum absolute value of
|Aa/ApR| takes place when sin (πω) ≈ 0, or when ω ≈ 1, 2, 3, . . . . That is, the resonance
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is associated with the flask acoustic resonance, and the bubble does not influence
the value of the resonant frequencies. This means that the ratio of the time of wave
propagation from the flask to the centre and back, 2R/C , to the period of the flask
oscillations, f−1, is an integer number κ:

2R/C

f−1
k

= k = 1, 2, 3, . . . or ω = ωk ≡ 2πfk =
kπC

R
≡ kωR. (9.9)

The bubble influences the resonant frequency only when the frequency of the flask
excitation is comparable with the resonant frequency of the bubble, ωa (see figure 4
for a0 = 100 and 500 µm).

It is interesting that away from the bubble resonance zone (Minnaert frequency)
the smaller the bubble the higher the relative response |Aa/ApR| (i.e. compare the
curves for a0 = 10 and 500 µm on figure 4). This effect may be one of the possible
reasons why sonoluminescence has only been observed for very small bubbles (e.g.
a0 = 4 to 10 µm).

It is seen that for frequencies close to the resonant frequencies the amplitude
of the relative bubble radius oscillations, Aa, may be large even for small relative
amplitudes of the flask pressure oscillations, ApR � 1, because of very large values of
|Aa/ApR| (see figure 4). This means that for excitation frequencies close to the resonant
frequencies it is necessary to use nonlinear models when analysing the non-harmonic
response of the bubble radius, ∆a, which may take place even for small sinusoidal
oscillations of the pressure on the flask, ∆pR � p0, such as occurs in experiments on
bubble sonoluminescence.

To analyse the influence of the bubble oscillations on the sound field let us consider
the other type of response function, which is the ratio of the relative amplitude of
the incident pressure, ApI , to the relative amplitude of the forcing flask pressure, ApR:

ApI

ApR
=

ωR/C

sin (ωR/C) + (ωa0/C) exp (−iωR/C)Ka

. (9.10)

It is easy to see that, when a0 → 0, the influence of the bubble oscillations on
the dynamics of the fluid vanishes and the response function (9.10) leads to the
well-known solution that corresponds to the standing spherical acoustic wave (see
Landau & Lifshitz 1959):

ApI

ApR
=

ωR/C

sin (ωR/C)
. (9.11)

Here ApI is the relative pressure amplitude in the centre of the flask without the
bubble. In the case of flask resonance (see (9.9)) the pressure amplitude is infinite.
However, when a0 6= 0, the infinite liquid pressure oscillations are compensated by
the bubble oscillations (the denominator in (9.10) is never zero).

10. Nonlinear analysis for the resonant frequencies
For the flask resonance case, when 2R/C = k/fk or ω = ωk ≡ kπC/R (k =

1, 2, 3, . . .), one may write (because of periodicity with period tR = 2R/C)

pI

(
t+

R

C

)
= pI

(
t− R

C

)
. (10.1)
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Then from (8.3) it follows that

2R

C

d

dt
[pR(t)] =

2ρ

C

d2

dt2

[
Q

(
t− R

C

)]
. (10.2)

After integrating over time one may write

R

ρ
[pR(t)− p0c

(1)] =
d

dt

[
Q

(
t− R

C

)]
, (10.3)

where c(1) is an arbitrary non-dimensional constant.
For the periodic regime excited by the sinusoidal oscillations of the flask wall with

amplitude ∆poR ≡ ApRp0, at resonant frequency ωk = kπC/R,

pR(t) = p0(1 + ApR sin (ωkt)) (10.4)

we have

d

dt
[Q(t)] =

p0R

ρ

{
ApR sin

[
ωk

(
t+

R

C

)]
+ 1− c(1)

}
. (10.5)

Keeping in mind that Q(t) ≡ a2a′ = 1
3
(a3)′ one may write after a double integration

of (10.5)

a3

3
=
Rp0ApR

ρω2
k

{
− sin

[
ωk

(
t+

R

C

)]
+ 1 + c(3)

}
+
Rp0

ρ

{
c(2)

ωk
t+ (1− c(1))

t2

2

}
, (10.6)

where we have three arbitrary non-dimensional constants, c(1), c(2) and c(3). For periodic
solutions it is necessary that 1− c(1) = 0 and c(2) = 0, thus

a3(t) = a3
∗

{
1 + c(3) − sin

[
ωk

(
t+

R

C

)]}
, a3

∗ =
3R3ApRp0

π2k2ρC2
. (10.7)

It is seen that because a > 0, and a3
min = a3∗c(3), it is necessary that c(3) > 0.

The value of the parameter c(3) should be calculated from the flask radius periodicity
condition.

It is interesting that equation (10.3) for the resonant regime with sinusoidal pressure
excitation on the flask may be rewritten as

aa′′ + 2(a′)2 =
R

a

pR(t+ R/C)− p0

ρ
. (10.8)

This equation is valid only for periodic flask pressure oscillations having resonant
frequencies, ωk , and it looks similar to the Rayleigh–Plesset equation. However, this
equation has a coefficient 2 instead 3

2
in the term with (a′)2 and the driving pressure

has the opposite sign. The coefficient (R/a) may be considered as an amplification
factor due to the convergence of the pressure waves from the flask to the surface
of the bubble (i.e. the cumulation effect). It is interesting that the properties of the
gas (γ) and the initial conditions (a0 and p0) are manifested only through the flask
radius or flask velocity periodicity conditions which may be presented as boundary
conditions for (10.8) (also see the discussion of (12.4)–(12.6)).

The solution (10.7) yields a non-trivial and important radius, a∗, for the maximum
value of the bubble radius, amax. This radius is a product of ‘large’ flask radius, R,
and a small parameter (∆poR/ρC

2)1/3, determined by the pressure amplitude on the
flask, ∆poR .
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Figure 5. The periodic resonance regime of the isothermal (κ = 1) bubble oscillations (a0 = 4 µm)
in water (p0 = 1 bar, T0 = 300 K) in a spherical flask (R = 5 cm), when the flask wall produces
pressure sinusoidal oscillations of amplitude, ∆poR = 0.005 bar, and frequency, f = f3 = 45 kHz.

To have bubble implosion and sonoluminescence in the resonance regime it is
necessary that

amin � a0 � amax ∼ a∗ ≡ R
(

3∆poR
π2k2ρC2

)1/3

, c(3) � 1. (10.9)

This means that, for the resonant regime, during an implosion the maximum value
of the bubble radius, amax, does not depend on the initial value of the bubble radius, a0.
Then the maximum radius of the bubble and the compression ratio, ηcom ≡ a3

max/a
3
min,

may be estimated by the formulae a3
max ≈ 2a3∗, ηcom = 2/c(3).
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However, the values of the minimum radius of the bubble, amin, and the compression
ratio, ηcom, calculated here cannot be considered as physically realistic values during
bubble collapse because the implosion period does not satisfy the long-wave and
small-Mach-number approximation. Indeed, the implosion period needs a separate
approach using a suitable numerical code (see § 13).

The periodic resonant regime is shown in figure 5. The calculations are given for
the isothermal bubble. For the adiabatic bubble, the peaks of the incident pressure
and the value of the maximum compression at oscillations of the bubble radius will
be considerably less. For their other characteristics, the curves completely coincide.

Let us now consider the problem of periodic resonant oscillations when the dis-
placement, δR , of the flask wall is given as a harmonic resonant oscillation with small
amplitude δoR and resonant frequency ωk: δR = δoR sin (wkt), δ

o
R � R.

For the periodic regime the velocity of the flask wall, calculated by differentiating
equation (5.6) for the velocity potential, ϕex , yields

δoRωk cos (ωkt) =
1

R2
Q

(
t− R

C

)
+

1

CR

[
2ψ′2

(
t− R

C

)
+ Q′

(
t− R

C

)]
. (10.10)

After differentiating this equation with respect to time this equation may be
rewritten as

1

C
[2ψ′′2 (t) + Q′′(t)] = − 1

R
Q′(t)− RδoRω2

k sin

[
ωk

(
t+

R

C

)]
. (10.11)

Substituting this expression into (5.8) one may write the differential equation for
bubble-radius resonant oscillations excited by flask-wall sinusoidal displacements in
the following form:

aa′′ + 3
2
a′2 =

pa − p∞
ρ

, p∞ = p0 + ρRδoRω
2
k sin

[
ωk

(
t+

R

C

)]
. (10.12)

Here the smallness of the parameter (a/R) was used. That is why the components
entering Q′(t)/R are negligibly small compared with the corresponding components
on the left-hand side of (10.11).

It is interesting that for acoustically resonant harmonic displacement oscillations of
the flask wall periodic radial oscillations of the bubble are described by the Rayleigh–
Plesset equation (for an incompressible liquid) with the pressure ‘far from the bubble’,
p∞, oscillating harmonically with amplitude ∆po∞ = ρRδoRω

2
k ∼ πk∆poR .

Here in estimating ∆po∞ it was taken into account that woR = δoRωk is the amplitude
of the velocity on the flask wall and ρωo

RC ∼ ∆poR . Then coefficient πk determines
the efficiency or amplification factor of the pressure amplitude on the flask ∆poR for
the resonance of the kth order. To have bubble implosion and sonoluminescence it is
necessary (but not sufficient) to have ∆po∞ & p0, that is

πk∆poR & p0. (10.13)

11. Kinetic energy evolution for the resonance regime
It is interesting to calculate the kinetic energy of the liquid concentrated near the

bubble, where the velocity distribution is given by (4.2):

k =
1

2

∫ ro

a

4πr2ρw2 dr ≈ 2πρ

∫ ∞

a

(
waa

2

r2

)2

r2 dr = 2πρa3(wa)
2. (11.1)
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For the resonant periodic regime equation (10.7) yields

wa = a′ = a∗
d

dt

{
1 + c(3) − sin

[
ωk

(
t+

R

C

)]}1/3

= −a∗ωk
3

{
1 + c(3) − sin

[
ωk

(
t+

R

C

)]}−2/3

cos

[
ωk

(
t+

R

C

)]
. (11.2)

Thus the kinetic energy of the liquid, K , may be expressed as

K =
2πρa5∗ω2

k

9

cos2 Ω

{1 + c(3) − sinΩ}1/3
(
Ω ≡ ωk

(
t+

R

C

))
. (11.3)

To calculate the maximum value of the kinetic energy it is necessary to calculate
the derivative with respect to time:

dK

dt
=

2πρa5∗ω2
k

9

cosΩ[−2 sinΩ{1 + c(3) − sinΩ}+ 1
3

cos2 Ω

{1 + c(3) − sinΩ}4/3 . (11.4)

Equating this expression to zero, one obtains two equations for optimal values of
K:

cosΩ = 0, sin2 Ω − 6
5
(1 + c(3)) sinΩ + 1

5
= 0. (11.5)

The first equation and its roots are a trivial solution which corresponds to the
minimum value of the liquid kinetic energy, K = 0. The second equation and its
real root corresponds to the maximum value of K: (sinΩ)1 = 1 + c(3) > 1(sinΩ)2 =
1
5
(1 + c(3)).
Thus the maximum value of the liquid kinetic energy is

Kmax =
2πρa5∗ω2

k

9

24
25

(1− 1
12
c(3) − 1

24
(c(3))2)

{ 4
5
(1 + c(3))}1/3 . (11.6)

It is seen that for bubble implosion, when c(3) � 1, the maximum value of the
kinetic energy does not depend on the constant c(3) or on the properties of the gas
and initial radius of the bubble a0:

Kmax ≈ 2πρa5∗ω2
k

9
≈ 8.52

k4/3

(
∆poR
ρC2

)5/3

ρR3C2. (11.7)

It should be noted that Kmax is the energy that can be used for compression of the
gas and the liquid at the moment of the maximum compression of the gas bubble.

The characteristic values of the bubble radius a∗ and the velocity on the interface
w∗ at the moment of the maximum value of the kinetic energy (sin Ω ≈ 1

5
) are

a∗ ≈ 0.93a∗, w∗ ≈ −0.387a∗ωk ≈ −0.817k1/3

(
∆poR
ρC2

)1/3

C. (11.8)

It is interesting to note that for the resonance regime under consideration, the
interface velocity w0 at the moment when the bubble radius coincides with the initial
value a0 equals

w0 ≈ −0.471ωk

√
a3∗
a0

= −0.260

(
R0

a0

)1/2(
∆poR
ρC2

)1/2

C. (11.9)
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12. Nonlinear analysis for the near-resonant frequencies – small deviation
from resonance

Let us consider periodic oscillations with frequencies close to the resonant fre-
quency:

ω = ωk + ∆ω, ∆ω � ωk (ωk = πkC/R, k = 1, 2, 3 · · ·). (12.1)

The periodicity condition implies

ψ′2

(
t+

R

C

)
= ψ′2

(
t+

R

C
− k2π

ω

)
= ψ′2

(
t+

R

C
− k 2π

ωk + ∆ω

)

= ψ′2

(
t+

R

C
− 2πk

ωk

(
1− ∆ω

ωk

))
+ O

((
∆ω

ωk

)2)

= ψ′2

(
t− R

C
+

2πk

ωk

∆ω

ωk

)

= ψ′2

(
t− R

C

)
+

2πk

ωk

∆ω

ωk
ψ′′2

(
t− R

C

)
+ O

((
∆ω

ωk

)2)
. (12.2)

Next, equation (6.9) may be rewritten as

pR(t) = p0 − ρ

R

[
2R

C

∆ω

ωk
ψ′′2

(
t− R

C

)
− Q′

(
t− R

C

)]

or

2

C
ψ′′2 (t) =

ωk

∆ω

a

R
(aa′′ + 2a′2)− ωk

∆ω

pR(t+ R/C)− p0

ρ
.





(12.3)

In this case the result depends on a non-dimensional parameter characterizing the
influence of the bubble on the near-resonant oscillations:

A∗ =
a0

R

ωk

∆ω
.

This parameter is a product of small (a0/R) and large (ωk/∆ω) parameters.
Taking into account (12.3), equation (5.8) may be rewritten in the following form:

aa′′+
3

2
a′2 =

pa − p0

ρ
− ωk

∆ω

pR(t+ R/C)− p0

ρ
+
ωk

∆ω

a

R
(aa′′+ 2a′2) +

1

C
Q′′(t). (12.4)

The pressure inside the bubble may be greater than the driving pressure (pa−p0) ∼
ωk∆pR/∆ω, thus the first two terms on the right-hand side are dominant terms. If

a

R

ωk

∆ω
� 1, (12.5)

then the last two terms in (12.4) are small and one can use the approximation that
was used in § 6:

Q′ ∼= a

[
a′2

2
+
pa − p0

ρ
− ωk

∆ω

∆pR(t+ R/C)

ρ

]
.

Differentiating this expression with respect to time one can derive from (12.4) the
following ordinary differential equation for near-resonant periodic forced oscillations
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of the bubble in the flask:
(

1− a′

C
− a

R

ωk

∆ω

)
a

d2a

dt2
+

(
3
2
− a′

2C
− 2

a

R

ωk

∆ω

)(
da

dt

)2

=

(
1 +

a′

C

)

×
[
pa − p0

ρ
− 1

ρ

ωk

∆ω
∆pR

(
t+

R

C

)]
+

a

ρC

d

dt

[
pa − p0 − ωk

∆ω
∆pR

(
t+

R

C

)]
. (12.6)

Typical solutions of equation (12.6) are shown on figure 6 for different flask pressure
amplitudes. The figure shows that the oscillations of the bubble radius both for its
adiabatic and isothermal behaviour differ quantitatively, but not qualitatively. The
corresponding curves for the incident pressure and the pressure at local infinity are
given in figure 7. The dependence of amin and amax on the frequency shift from the
third flask resonance for a0 = 4 µm and different pressure amplitudes is shown on
figure 8 for the isothermal bubble. The resonant case (∆ω = 0) is denoted by the
dark dots. In the vicinity of the flask resonance the curves are given by the dashed
lines and equation (12.6) is not valid.

If should be noted that the near-resonant (∆ω � ωk) regime, which is described
by (12.6), corresponds to limitation (12.5):

a

R
� ∆ω

ωk
� 1, (12.7)

and is quite different from the exact resonance (∆ω = 0, ω = ωk), described by ana-
lytical solution (10.7). To have the near-resonant regime close to the exact resonance
it is necessary to have extremely small frequency shift:

∆ω

ωk
� a

R
� 1. (12.8)

For single-bubble sonoluminescence experiments with a small bubble (a/R ∼ 10−4)
the tuning of frequency and other parameters of the system to have exact, or almost
exact, resonant bubble excitation is hardly attainable except when gravity is absent,
since for this case bubble displacement from the centre of the flask is excluded.

13. The peak shock waves emitted by the collapsing bubble
The theory presented in this paper is valid only for relatively slow evolution of

the bubble. During implosion, which comprises only a very small part of the total
period, the approximation of liquid incompressible near the bubble boundary layer is
no longer a good approximation. Estimations and numerical calculations (Lofstedt,
Barber & Putterman 1993; Moss et al. 1994) have shown that during an implosion
the pressure in and near the bubble may be of order 106 bar, the density of the water
may increase by 2 to 3 times, and the interfacial Mach number, Ma, may be larger
than unity. This means that for bubble implosion it is necessary to take into account
the nonlinear compressibility of the liquid near the bubble, shock wave formation
and shock interaction both in the liquid and in the gas, convergence of the shock
waves to the centre of the bubble and their cumulation (Wu & Roberts 1993; Moss
et al. 1994). Significantly, shock wave cumulation may generate a superhigh pressure
and temperature near the centre of the bubble. This process must be considered by
a separate numerical (i.e. hydro) code based on the partial differential conservation
equations and nonlinear equations of state with plasma and light radiation effects
(Moss et al. 1994).
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Figure 6. Excitation of gas bubble (a0 = 4 µm) oscillations in a flask (R = 5 cm) filled with water
(p0 = 1 bar, T0 = 300 K) when the flask wall produces pressure sinusoidal oscillations with the
frequency, f = 46 kHz (f ≈ f3, ∆f = 1 kHz, ∆ω = 6.28 kHz) and different pressure amplitudes:
(a) ∆poR = 0.02 bar, (b) ∆poR = 0.03 bar, (c) ∆poR = 0.04 bar. Solid and dashed lines correspond
isothermal (κ = 1) and adiabatic (κ = γ) gas, respectively.

Fortunately the numerical code for the implosion period need consider only a
very thin, strongly compressible, liquid boundary layer of thickness δrs = Cδts ∼
10–102 µm. On the external surface of this layer, r = a + δrs, the solution presented
in this paper may be used as a boundary condition. Such a strategy can reduce the
time required for numerical calculations by a few orders of magnitude.

The almost ‘catastrophic’ collapse of the bubble during an implosion, induces a
superhigh pressure in the gas bubble, and the rapidly expanding rebound of the bubble
emits extremely short-duration (δts < 10−8 s) pressure waves propagating from the
centre of the flask to the wall of the flask during the low-Mach-number stage. These
waves must be considered separately, taking into account the nonlinear compressibility
of the liquid, since the sound speed increases with pressure, which greatly intensifies
attenuation of the shock waves. In contrast, for linear acoustic theory (i.e. linear
compressibility of the liquid) we know that the shock waves attenuate only due to
the spherical divergence.
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Figure 7. The same as figure 6 (line c) but showing the evolution of the incident pressure
and the pressure at local infinity.

The contribution of nonlinear compressibility to wave attenuation can be under-
stood by considering the nonlinear Boussinesq equation for a simple plane wave
propagating in the x-direction without reflections, with a velocity which is close to
the sound speed, C . The attenuation of the peak of the pressure, pmax, for a wave
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Figure 8. The dependence of amin and amax on frequency shift from the third flask resonance
(ω = ω3 + ∆ω) for a0 = 4 µm and different pressure amplitudes. (a) ∆poR = 0.001 bar, (b) ∆poR = 0.01
bar, (c) ∆poR = 0.02 bar.

having the initial duration, τo, is given by (Whitham 1974)

pmax

pomax

=
1√

1 + (x/λo)
, λo =

ρC3

β

τo

pomax

, β ≡ d2p

dv2
> 2ρ3C2, v ≡ 1

ρ
. (13.1)

Along the direction of wave propagation, products of the amplitude of the wave
and its duration τ or length λ are constant:

pmaxτ = pomaxτ
o, pmaxλ = pomaxλ

o. (13.2)

For water having pomax = 100 bar, and τo = 10−8 s, the characteristic length of the
attenuation is λo = 3 mm. This analysis shows that nonlinear compressibility of the
liquid increases the attenuation of the peak waves initiated by the collapsing bubble,
and these peak waves become quite weak before reaching the flask wall.

14. Summary
(i) There are two stages of the bubble’s oscillation process. The first one is a low-

Mach-number stage when the velocity of the bubble’s interface is small compared
with the sound speed in the liquid. The second stage, bubble implosion, is a stage of
very rapid bubble collapse and gas compression, followed by a rebounding expansion.
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During collapse and rebound the velocity of the interface may be comparable to, or
larger than, the local liquid sound speed. Significantly, the low-Mach-number period
takes up almost all the time of the overall process. Moreover, implosion takes place
at, or near, the flask’s acoustic resonant frequency, and takes place in a very short
time (< 10−8 s).

(ii) Two asymptotic solutions have been derived which are valid for the low-Mach-
number regime. The first one is an asymptotic solution for the field far from the
bubble, and it corresponds to a linear hyperbolic wave equation of second order. The
second one is an asymptotic solution for the field near the bubble and corresponds
to the Laplace equation for an incompressible fluid.

(iii) The low-Mach-number stage of the forced oscillations of a bubble in a com-
pressible liquid may be described by the Rayleigh–Plesset equation, where the driving
pressure is the pressure at local infinity p∞ or the Herring equation, where the driving
pressures is the incident pressure pI . These driving pressures, p∞, and pI , are different
from each other and from the pressure on the flask wall, pR(t). The driving pressures
p∞ and pI may be calculated from the flask-wall pressure evolution pR(t) or from
the flask-wall velocity evolution, wR(t), using ordinary difference-differential equation
having lagging and leading time.

(iv) For the low-Mach-number stage for small gas bubbles (a
∼
< 10−5 m) oscillations

have frequencies of ω
∼
< 105 s−1, which are typical of single-bubble sonoluminescence

experiments, isothermal gas bubble expansion and compression occurs (κ ≈ 1).
In contrast, during the implosion stage (δt ∼ 10−8 s) there is transition to adiabatic

compression and expansion of the gas bubble.
During the low-Mach-number stage of gas bubble oscillation in an acoustic field

interfacial heat transfer weakly influences the bubble radius evolution, a(t), but
strongly influences the evolution of gas temperature evolution, T (t).

(v) The analysis of an initial value problem for initiation of bubble oscillations by
flask excitation reveals a very strong and curious evolution of the oscillations, and
an attempt to obtain the periodic regime using the direct numerical codes based on
partial differential conservation equations is not an effective procedure because one
needs to calculate many evolving oscillations. Fortunately, the periodic process may
be analysed analytically.

(vi) In the case of small harmonic oscillations, the response function, which is
equal to the ratio of the relative amplitude of the bubble radius a to the relative
amplitude of the flask’s forcing pressure pR , depends on the flask frequency ω. The
maxima of this function determines the resonance of the bubble oscillations and they
are associated with the acoustic flask resonance (ω = ωk), when during the time of
pressure wave propagation from the flask to the centre and back an integer number
(k) of oscillations takes place (i.e. 2R/C = 2πk/ωk).

It is interesting that away from the bubble’s Minnaert frequency resonance zone the
smaller the bubble the higher the relative response of the bubble to flask excitation.
This effect may be one of the possible reasons why sonoluminescence has only been
observed for very small bubbles (a0 = 4 to 10 µm).

(vii) For near-resonant frequencies it is necessary to use nonlinear solutions. For
such frequencies the bubble oscillations are not harmonic and implosions may occur
even when oscillations of the flask wall have extremely small amplitudes. This is
explained by the amplification of the convergent acoustic waves initiated by flask
motion.

(viii) Two near-resonant asymptotic solutions (∆ω ≡ ω − ωk � ωk) were found.
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The first one (near the flask’s exact acoustic resonance) corresponds to an extremely
small frequency shift from the flask’s acoustic resonant frequency (∆ω/ωk � a/R).
For most practical situations this regime is not attainable. Indeed, if one wished to
achieve this resonant regime it would only be possible in a situation in which gravity
is absent, and the bubble does not experience displacement from the centre of the
flask.

The second near-resonant asymptotic solution corresponds to a situation which is
practically attainable: ∆ω/ωk � a/R.

(ix) The maximum radius of the bubble for the exact resonant periodic regime with
implosion does not depend on the initial radius of the bubble a0 and is determined
by (10.7). Interestingly, for a small deviation of the frequency ω from the resonant
one ωk , the influence of a0 may be noticeable.

(x) The amplitude of the pressure at the ‘local infinity’ of the bubble ∆po∞ and the
incident pressure ∆poI may be much larger than the amplitude of the pressure on the
flask, ∆poR . This is due to amplification of the acoustic waves from the flask wall due
to spherical convergence, and this amplification is fully or partly compensated by the
expansion and compression of the bubble. This compensation is especially strong at
resonant frequencies.

(xi) A threshold character is exhibited by either a frequency shift, ∆ω ≡ ω−ωk , or a
change in pressure amplitude on the flask’s wall, ∆poR , when near resonant excitation.

(xii) For calculation of bubble implosion it is necessary to take into account the
nonlinear compressibility of the liquid, and shock wave formation, but only in a small
sphere within a radius of about ten radii of the bubble (i.e. 10a).

(xiii) The ‘catastrophic’ collapse of the bubble during an implosion causes a super-
high pressure in the gas bubble. The expanding rebound of the bubble and extremely
short time duration associated with this expansion (δts < 10−8 s), causes high-pressure
shocks wave to be emitted, which propagate from the centre of the flask to the wall
of the flask. According to linear acoustic theory this strong shock wave would atten-
uate only due to spherical divergence and would have a high enough amplitude to
strongly shock the flask wall. However, due to nonlinear compressibility of the liquid,
where sound speed increases with the pressure, the attenuation of the shock wave is
very strong, and the shock wave becomes very weak before it reaches the flask wall,
producing only some additional high-frequency ‘noise’.

(xiv) More study of the picosecond processes of shock wave cumulation in the
centre of the bubble and the resultant high gas temperatures is needed. This will
require the use of suitable hydro codes and nonlinear equations of state for gas and
liquid.
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Abstract

This paper presents the specific features of violent vapor cavitation bubble implosion induced by an energetic acoustic standing
wave in the Oak Ridge National Laboratory (ORNL) experiments performed using deuterated acetone [Taleyarkhan, R.P., West,
C.D., Cho, J.S., Lahey Jr., R.T., Nigmatulin, R.I., Block, R.C., 2002. Evidence for nuclear emissions during acoustic cavitation.
Science 295, 1868; Taleyarkhan, R.P., West, C.D., Cho, J.S., Lahey Jr., R.T., Nigmatulin, R.I., Block, R.C., 2004. Additional
evidence of nuclear emissions during acoustic cavitation. Phys. Rev. E 69, 036109]. A detailed description and analysis of
these data, including a resolution of the criticisms that have been raised, has been given byNigmatulin et al. [Nigmatulin, R.I.,
Taleyarkhan, R.P., Lahey Jr., R.T., 2002. The evidence of thermonuclear fusion D + D during acoustic cavitation. In: Vestnik
ANRB, No. 4. Ufa, Bashkortostan, Russia; Nigmatulin, R.I., Taleyarkhan, R.P., Lahey Jr., R.T., 2004. The evidence for nuclear
emissions during acoustic cavitation revisited. J. Power Energy 218-A, 345]and Lahey et al. [Lahey Jr., R.T., Taleyarkhan,
R.P., Nigmatulin, R.I., Akhatov, I.S. Sonoluminescence and the search for sonofusion. In: Advances in Heat Transfer, vol. 39.
Academic Press, in press].

The results presented in this paper are found based on the numerical simulations of the bubble implosion phenomena. A
more detailed description of the equations for the mathematical modeling of the phenomena has been given byNigmatulin et al.
(2005).
© 2005 Published by Elsevier B.V.

1. Introduction

The results of detailed HYDRO code simulations
of the spherically symmetric dynamics of a non-
condensable gas bubble in an acoustic field were
presented byMoss et al. (1994, 1996). Typical sim-

E-mail address:nigmar@anrb.ru.

ulations for single bubble sonoluminescence (SBSL)
forced by a standing acoustic field with a frequency
of 20–40 kHz, and amplitude of about 1 bar, were con-
sidered. In this case, a non-condensable bubble grew
from a radius of about 4.5�m to about 44�m during
the acoustic expansion phase and then imploded to a
radius of about 0.3�m during the acoustic compres-
sion phase. During the final stage of bubble implosion,

0029-5493/$ – see front matter © 2005 Published by Elsevier B.V.
doi:10.1016/j.nucengdes.2005.02.017
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which lasts only about 10−3 �s (out of the 50–25�s
acoustic driving period), a shock wave may be initi-
ated from the interface, which accelerates towards the
bubble’s center. This shock wave intensifies (i.e., cu-
mulates) toward, and reflects from, the center of the
bubble, compressing and heating the gas there to very
high pressures and temperatures. Also at this instant,
a high density, ionized gas core is formed near the
bubble’s center. According to Moss’ calculations, the
radius of this core is about 10−9 m, and the extreme con-
ditions last for a time interval of about 10−11–10−10 s.
The temperature of the ions in the core attain a density
of ρmax≈ 10 g/cm3, and temperature ofTmax≈ 106 K,
while the temperature of the electrons that define the
light emission, and many of the energy loss mecha-
nisms, was about three times less.

We note that such large temperatures in the highly
compressed central gas core of the bubble are accom-
plished by the conversion into the gas internal energy
of a part of the kinetic energy of the liquid, which is ac-
celerated towards bubble’s center by the acoustic field.
The higher the liquid’s kinetic energy, the stronger
the compression and heat-up of the central core
region.

The goal of the ORNL bubble fusion experiments
(Taleyarkhan et al., 2002, 2004) was to achieve at least
a two orders of magnitude increase in peak tempera-
ture (i.e., to∼108 K) compared to typical sonolumines-
cence experiments, thus creating conditions suitable for
thermonuclear fusion. In order to achieve this, a fun-
damental change in experimental technique was made,
which allowed one to increase many times the kinetic
energy of the liquid accelerated toward the bubble’s
center thus greatly enhancing the effect of cumulative
shock wave compression. In particular:

(1) An order of magnitude higher amplitude of the
standing acoustic field was used, namely: instead
of the traditional 1–1.5 bar used in SBSL exper-
iments, more powerful acoustic fields with am-
plitudes of 15 bar or more were applied. To do
this one was forced to overcome two difficulties.
First was to find a test liquid, which could be put
into significant tension (i.e.,−15 bar) before cav-
itation, which was induced at the proper moment
of acoustic rarefaction using high-energy neutrons.
Second, to create and focus such intense acoustic
fields within a small region of the test liquid.

(2) Unlike SBSL, where non-condensable gas bub-
bles are used, in bubble nuclear fusion experiments
vapor cavitation bubbles were used. That is, the
bubbles formed were filled with vapor of the sur-
rounding liquid. For vapor bubbles the cushioning
of the implosion due to the increasing pressure of
the compressed vapor can be minimized. That is,
due to vapor condensation at bubble’s interface,
as the vapor bubble implodes the vapor pressure
stays essentially constant until the final stage of
collapse. This greatly reduces the cushioning of
the vapor compression process and increases the
peak pressure, density and temperature.

(3) The test liquid used at ORNL was well-degassed,
deuterated organic liquid acetone (C3D6O). Each
molecule ofd-acetone contains six deuterium nu-
clei, which may undergo thermonuclear fusion re-
action at high enough temperatures and densities.
Acetone also possesses high cavitation stability;
that is, it can withstand high-tension states in liquid
without premature cavitation. Moreover, organic
liquids, such as acetone, also have relatively high
accommodation (i.e., condensation/evaporation)
coefficients, which, together with a sufficiently low
liquid pool temperature, promote intensive vapor
condensation during bubble implosion. In addi-
tion, due to a relatively high molecular weight,
M (M = 64 for d-acetone), and low adiabatic ex-
ponentγ (i.e., γ = 1.125 for acetone vapor), or-
ganic vapor has a fairly low speed of sound (CG =√

(γR/M)T ), which, for fixed liquid implosion
speeds, leads to the formation of stronger shock
waves than in some other gases and vapors of po-
tential interest. In addition, a lowγ promotes a
higher maximum compression in the shock wave
within the bubble (γ + 1)/(γ − 1).

In this paper we present a mathematical model
that describes and explains the experimental obser-
vations at ORNL of thermonuclear fusion for an im-
ploding cavitation bubble in chilled, deuterated acetone
(Taleyarkhan et al., 2002, 2004).

The equations include gas dynamic equations
with thermal conductivity, realistic equations of
state1 for the liquid and vapor acetone taking

1 The equations of state used herein were derived by R. Bolotnova
(RAS).
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into account inter-molecular or inter-ion interactions
(Zeldovich and Raizer, 1966; Walsh and Rice, 1957;
Nigmatulin, 1991), equations for non-equilibrium
evaporation/condensation kinetics at the liquid/vapor
interface (Nigmatulin, 1991), dissociation, ioniza-
tion and other related plasma physics phenomena
(Zeldovich and Raizer, 1966) during the final stage of
bubble collapse. A more detailed discussion of these
models is given byNigmatulin et al. (2005).

In order to estimate the production of fusion neu-
trons, the neutron kinetics model given byDuderstadt
and Moses (1981), Gross (1984)andBosh and Hale
(1992)was used in conjunction with the local, instan-
taneous HYDRO code’s thermal–hydraulic evaluations
during the bubble implosion process:

Jn = JT = 1

2
〈σv〉(nD)2 (1.1)

whereJn and JT are the numbers of 2.45 MeV D/D
fusion neutrons and tritium nucleus, respectively, pro-
duced per unit time and unit volume,nD the concen-
tration of the deuterons per volume unit and〈σv〉 is the
weighted cross section for the fusion reaction, which
strongly depends on temperature. The number of D/D
thermonuclear neutrons or tritium nucleus produced
per implosion period of the acoustic field may be cal-
culated by integration over the volume of the bubble
and the time of the period, 2π/ω, of the acoustic field:

N =
∫ 2π/ω

0
dt

∫ a

0
4πr2Jn dr =

∫ a

0
Nr dr;

Nr(r) = 4πr2
∫ 2π/ω

0
Jn dt, (1.2)

whereNr(r) is the distribution function of neutron pro-
duction within the bubble.

The equations of a two-phase bubbly liquid
(Nigmatulin, 1991) for analyzing the pressure inten-
sification process within an imploding bubble cluster
were also used.

A one-dimensional spherical symmetrical approx-
imation was used to analyze the implosion process.
Evolution of the disturbances of the spherical shape of
the imploding bubble was also investigated and valid-
ity of the spherical approximation was verified (Lahey
et al., in press).

This model describes cavitation bubble growth dur-
ing an expansion period, followed by a violent im-

plosion during the compression period of the acous-
tic cycle similar to single bubble sonoluminescence
(Margulis, 2000; Moss et al., 1994, 1996; Nigmatulin
et al., 1999a,b; Lahey et al., in press).

There are two basic stages of the process
(Nigmatulin et al., 1999a,b). The first, low Mach num-
ber stage, is when the radial velocities are much less
than the sound speeds in the vapor and liquid. In this
stage, the vapor pressure is uniform and very close to
saturation and the liquid is practically incompressible.
This process is characterized by the inertia of the liquid,
heat conduction and evaporation or condensation of the
vapor. The second, high Mach number, stage is when
radial velocities are the same order or higher than the
sound speeds in the vapor and liquid. In this stage, high
temperatures, pressures and densities of the vapor and
liquid may take place. During the final stage strong
compression and shock waves are initiated (Moss et
al., 1994, 1996). They converge toward, and reflect
from, the center of the bubble. For a vapor bubble in a
deuterated organic liquid (e.g., acetone), during the fi-
nal stage of collapse there is a nano-scale region (diam-
eter∼100 nm) near the center of the bubble in which,
for a fraction of a picosecond, the temperatures and
densities are extremely high (∼108 K and∼10 g/cm3)
such that thermonuclear fusion may take place.

Numerical HYDRO code simulations of the bubble
implosion process for the experimental conditions used
have been carried out. The results show good agree-
ment with the ORNL experimental data on bubble fu-
sion that was measured in chilled deuterated acetone
(Taleyarkhan et al., 2002, 2004).

To distinguish the parameters of the different phases
and components, subscript ‘k’ will be used, where k = L
denotes the liquid and k = G denotes gas/vapor. Sub-
script ‘S’ will be used to denote the saturation (va-
por/liquid) state (e.g.,pS, ρLS, ρGS) and subscript ‘0’
will be used for the initial (t = 0) state at rest (e.g.,a0,
p0, T0, ρL0, ρG0). The subscript ‘a’ denotes the param-
eters on the interface (i.e.,r =a) of the bubble (pa, Ta,
ρLa, ρGa).

2. Cavitation bubble clusters in an acoustic field

In the ORNL experiments (Taleyarkhan et al., 2002,
2004) the impressed standing acoustic field acted on
a cluster of bubbles consisting of∼1000 bubbles.
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The initial radius of the bubble cluster was around
R≈ 4 mm. The measured pressure amplitude of the
acoustic field (e.g.,�p= 15 bar) was the incident pres-
sure on the periphery of the bubble cluster but not on the
bubbles near the center of the cluster. The bubbles in the
central region of the cluster may be subjected to a much
higher compression pressure than the peripheral bub-
bles because of multi-bubble dynamics. This dynamics
induces a significant amplification of the compression
wave (Nigmatulin, 1991). For a spherical bubble cluster
the focusing and intensification of compression waves
was investigated numerically byWang and Brennen
(1994), Matsumoto (2000), Shimada et al. (2000)and
Kedrinskiy (2000). The two-dimensional amplification
of the compression waves in bubbly liquids were also
investigated byNigmatulin et al. (2001).

In our investigation2 a spherical bubble cluster with
spherical bubbles, which is surrounded by a non-
compressible liquid subjected to harmonic incident
pressure oscillations in a standing acoustic wave field
(�p= 15 bar) was considered. It is the low Mach num-
ber stage that is important for the accumulation of the
kinetic energy of the liquid.

The cluster was considered as two fluid continua
with two pressures (Nigmatulin, 1991). The first one is
an averaged, or macroscopic, pressure in the liquid,p,
which can be identified as the incident pressure for the
bubbles. The second one is the pressure in the bubbles,
pG.

Numerical calculations were made when the cluster
(R0 = 4 mm) was initially uniform with void fraction
αG0 = 0.04 corresponding to 1000 bubbles of radius
a0 = 300�m. Then on the boundary of the bubble clus-
ter (r =R(t)) the incident pressure,p(t), corresponded
to the compression part of a sinusoidal excitation with
amplitude 15 bar. A compression wave propagated to
the center of the cluster initiating compression of the
bubbles. The compression wave was led by an elastic
precursor with sound speedCL in pure liquid. Then
the main wave followed initiating the collapse of the
bubbles. InFig. 1, an evolution of the liquid pressure
p(t) at four radial positions within the cluster:r =R,
0.65R, 0.33R, 0.0. It is seen that the reflection of the
waves from the center of the cluster, where the radial
velocity is zero, produces very strong amplification of

2 This investigation was done by N. Vakhitova (RAS).

Fig. 1. The evolution of liquid pressure within an imploding bubble
cluster at different radii,r (shown by the corresponding labels), for a
cluster with 1000 bubbles (a0 = 300�m andαG0 = 0.042) subjected to
a 15 bar compression pressure on the boundary of the bubble cluster
(r =R).

the pressure and concentrates it during a short period
of time.

3. Bubble coalescence within the cluster

Investigation of the incident pressure evolution in
bubble clusters being forced by the acoustic pressure
field shows that the rarefaction in the cluster is less than
the incident acoustic pressure (−15 bar), but the com-
pression impact of the incident pressure is much higher
and of shorter duration (seeFig. 1). During the smaller
rarefaction period the maximum bubble radius in the
cluster reaches only 100–300�m. This is too small to
have an effective cumulation of the compression wave
in the bubble and to produce a thermonuclear central
core in the imploded bubble.

One of the possible mechanisms leading to larger
bubble sizes is coalescence of bubbles. Thus, let us
estimate the time, which is needed for the interior bub-
bles to coalesce. The bubble coalescence process in the
bubble clusters is controlled by liquid film drainage
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dynamics between adjacent bubbles. Eventually, the
film drainage is driven by surface tension forces and is
limited by liquid inertia. Our estimations (Nigmatulin
et al., 2005) show that the time, which is needed for
the liquid film to drain sufficiently to have bubble co-
alescence, is∼2�s. That implies that bubbles within
an expanding bubble cluster have sufficient time to co-
alesce.

It was estimated that during the growth phase of
the bubble cluster, about 10–20 small bubbles (with
radiusaf ) coalesce forming larger bubbles of radius
a= 600–800�m. This size bubble provides effective
focusing of the subsequent shock waves leading to ther-
monuclear conditions in the central region of the im-
ploding bubbles. If there were initially 1000 bubbles
in the cluster after coalescence we would have 50–100
larger bubbles, which would be compressed by the pres-
sure transient within the cluster shown inFig. 1.

The wave length,Λ, of the initial disturbances to
the spherical shape of the large bubbles due to the co-
alescence of many small bubbles is on the order of the
size of small bubbles 2af (i.e., these disturbances are
relatively short wave disturbances,Λ ∼ 2af � 2a). It
has been shown (Nigmatulin et al., submitted for pub-
lication) that these disturbances do not grow because
of the liquid viscosity and surface tension. As to the
long wave disturbances (Λ ∼ 2a) they do not disturb
the spherical shape of the bubble during implosions if
the initial value of the perturbation,δa◦, is small enough
(Nigmatulin et al., submitted for publication):

δa◦/2a ≤ 10−2. (3.1)

4. Implosion of the bubbles

To simulate the ORNL experiments ofTaleyarkhan
et al. (2002, 2004)a single cycle of the vapor bubble
dynamics in D-acetone under the influence of a periodic
acoustic field was considered.3 The impressed pressure
was given by

pI = p0 + �p1 sin(2πω t); p0 = 1 bar,

�p1 = 15 bar, (4.1)

3 All calculations in this section were made by A. Toplnikov
(RAS).

which corresponds to the acoustic forcing in the exper-
iment.

Since the liquid pressure can strongly increase when
the acoustic wave interacts with the bubble cluster (see
Section3) we assumed two compression laws. The first
one is that the incident pressure,pI , for the bubble un-
der consideration in the central region of the cluster
varies according to the same sinusoidal form as in(4.1)
but, due to pressure intensification mechanisms, with
higher amplitude,�p2 = 50 bar, during the compres-
sion period.

The second compression law used the pressure
intensification shown inFig. 1. This compression
impact on the bubble (amax= 600–800�m) is much
shorter (�t ≈ 1–5�s) but is also much stronger
(�p≈ 100–1000 bar).

Fig. 2 presents the time evolution of the bubble’s
radius,a; interface velocity, da/dt ≡ ȧ ≈ wLa; vapor
mass,mG; uniform pressure in the bubble,pG; the den-
sity ρG(r = 0) and temperatureTG(r = 0) at the center
of the bubble, for a single cycle of bubble growth and
implosion during the low Mach number stage.

Fig. 3presents the time evolution of the bubble ra-
dius,a; wall velocity,wLa ≈ ȧ; pressure,pLa; density,
ρLa; temperature,TLa, on the interface (r =a) during
the final stage of bubble implosion at high Mach num-
ber.

On the curvesa(t) (Figs. 2 and 3) some points (i.e.,
1, 2, . . ., 8) are marked. Below the corresponding mo-
ments are denoted byti , i = 1, 2,. . ., 8.

The maximum values of the velocity, pressure, tem-
perature and density of the liquid are on the inter-
face, and they reachwLa ≈ 2 km/s, pLa ≈ 0.5 Mbar,
TLa ≈ 2500 K,ρLa ≈ 2200 kg/m3 ≈ 2.5ρL0. The dura-
tion around this state of the interface is∼5–10 ns.

Temperature distributions during bubble expansion
and early collapse (the microsecond stage) are char-
acterized by a very thin temperature boundary layer
in the liquid near the interface due to a rapid drop
of the temperature on the interface during expansion
of the vapor changing to an extremely fast increas-
ing temperature on the interface during the implosion
that induces compression of the vapor. The thickness of
this boundary layer may be estimated byδL ∼ √

DL t,
whereDL ≈ 0.13× 10−6 m2/s is the thermal diffusiv-
ity of the liquid acetone. A drop in the temperature at
the interface (Ta ≈ TS(p)) takes place because of bub-
ble expansion untilt ≈ 30�s, which givesδL ∼ 2�m.
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Fig. 2. The vapor bubble parameters (radius of the bubble,a; interface radial velocity, ˙a; mass of the vapor in the bubble,mG; pressure,pG;
densityρG(r = 0); temperatureTG(r = 0) in the center of the bubble as functions of time for the low Mach number (microsecond) stage. Dots and
their numbers 1–4 correspond to times,tn (n= 1–4;t1 = 31.9�s, t2 = 38.0�s, t3 = 41.7�s andt4 = 41.9�s), which are mentioned in the text.

Fig. 3. Evolutions of the bubble radius,a; interface radial velocity, ˙a; liquid parameters at the interface during final nano-second (high Mach
number) stage of bubble implosion (t◦ = 41.9932�s is the time corresponding to the minimum bubble radius). Solid dots and opened circle and
their numbers 5–8 correspond to times,tn (n= 5–7, 8;t5 = t◦ − 15 ns,t6 = t◦ − 1.9 ns,t7 = t◦ − 0.78 ns≈ t∗ andt8 = t◦), which are mentioned in
the text. The open circle 8 corresponds to the minimum bubble radius.
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But the divergent flow of the non-compressible liquid
(whena(t) is growing) makes it even thinner (i.e., pro-
portional toa−2), thus:

δL ∼
(

a(t)

a0

)−2√
DL t. (4.2)

Actually, we haveδL/a∼ 10−3. That is why the temper-
ature profile in the liquid looks like a jump adjacent to
the interface. The bubble collapses aftert1 and the in-
terface temperature,Ta, increases rapidly during only
about 4�s. The thermal boundary layer, with liquid
temperature falling from the interface, would be about
three times thinner, but the spherically convergent flow
(whena(t) is getting smaller) makes it thicker and pro-
portional toa−2.

The thickness of the temperature boundary layer
in the compressible vapor isδG ∼ √

DGt (where
DG ≈ 53× 10−6 m2/s is a temperature diffusivity of
the vapor), and during bubble expansion (i.e., until
t ≈ 30�s) the thickness of the temperature boundary
layer when the temperature in the vapor falls from the
interface to the center of the bubble is much thicker:
δG ∼ 40�m. However, the rapid contraction of the va-
por with the growth of the temperature takes place dur-
ing t ∼ 1�s, and the thickness of the boundary layer
in the gas with the temperature falling to the interface
becomes very thin as in the liquid (i.e.,δG ∼ 7�m).
Subsequently, non-uniform profiles of temperature in
the gas and in liquid are formed.

A critical point at the interface takes place at
the momentt4 = t◦ − 70 ns (i.e., 70 ns before the ra-
dius of the bubble is minimal) when radius of the
bubble,a≈ 110�m, velocity of the interface,wLa =
wGa ≈ −800 m/s and pressure in the bubble are no
longer uniform, but there is not yet a shock. At this
moment condensation stops because the liquid and va-
por temperature on the interface becomes supercritical
(p≥ pcr = 46 bar,T≥ Tcr = 508 K and there is no longer
any difference between vapor and liquid.

During the subcritical phase of the bubble implo-
sion more than half of the evaporated vapor mass
(mG ≈ 260 ng) condenses. The final mass of vapor
(mG ≈ 100 ng) after the transition to a supercritical
fluid remains constant and the bubble keeps on con-
tracting froma≈ 110�m to the minimal bubble radius
amin ≈ 24�m (seeFig. 3), as compared to the mini-
mum radius of 0.3–1�m in typical SBSL experiments

(Moss et al., 1994). Significantly, the corresponding
mass of the compressed gas (vapor) is 105–106 times
larger than in typical SBSL experiments.

At momentt ≈ t3 the pressure distribution becomes
non-uniform (i.e., the homobaricity assumption is no
longer valid) and intensive continuous compression oc-
curs when the pressure at the interface (r =a) is 3.7
times larger than at the center of the bubble (r = 0). Af-
ter that (less than 0.2�s later) the formation of a strong
continuous compression wave takes place att ≈ t4. Af-
ter less than 60 ns this wave is transformed into a strong
shock (jump) att ≈ t5.

The intensity of the shock (i.e., the pressure, tem-
perature and velocity after the shock) increases on its
converging to the center of the bubble, but the ratio of
the density after the shock (ρ+) to the density before
the shock (ρ−) tends to a maximum value (Landau and
Lifshitz, 1988; Rakhmatulin, 1983), which for molec-
ular acetone vapor with a low adiabatic exponent of
γm = 1.125 is4:

ρ+
ρ−

→
(

ρ+
ρ−

)
max

= γm + 1

γm − 1
= 17.0. (4.3)

However, after the shock a continuous compres-
sion wave follows to the center of the bubble. The
compression shock wave with the trailing continuous
compression wave qualitatively corresponds to the self-
similar solutions for the spherically symmetrical flow
of a perfect gas converging to the origin from infin-
ity (Guderley, 1942) with a leading shock wave. This
theoretical solution gives the intensity of a converging
shock wave with the pressure and temperature tend-
ing to infinity at the moment of the reflection from the
center. However, dissipation processes due to viscosity,
dissociation, ionization, photon emissions and thermal
conductivity mitigate the compression process so that
the pressure and temperature remain finite.

The leading compression shock wave is focusing
and approaching the bubble’s center at time moment
t = t7, and a trailing compression wave, which is much
stronger, reaches and reflects from the center at time
t = t7 + 0.28 ps (i.e., during a fraction of a picosecond).
The calculations show that it is in this time interval
(i.e., 0.28 ps) when the maximum neutron production

4 The maximum values of compression by a shock wave for
monatomic (γm = 7/3) and diatomic gas (γm = 7/5) equal 4 and 6,
respectively.
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is produced. During this time, reflections of these waves
from the center and interaction with each other takes
place.

A thermal precursor is formed before the compres-
sion shock due to the increased thermal conductivity
with temperature (i.e., the thermal conductivity in-
creases asT1/2), and it becomes important near the
bubble’s center when the shock-induced temperature
is higher than 106 K. This precursor increases the tem-
perature and pressure but does not cause fluid motion
(i.e., w ≈ 0) and change of density. In contrast, ar-
rival of the compression shock initiates a high-speed
flow (w > 100 km/s). As a result the thermal precur-
sor smears the shock wave front somewhat when the
pressure and temperature fronts are ahead of the den-
sity and velocity shock which is called an “isother-
mal jump” (Zeldovich and Raizer, 1966; Landau and
Lifshitz, 1988).

The numerical calculations show that neutron emis-
sions originate from the central zone of the bubble,
which has a radius of about 60 nm (Fig. 4). There is
a radius,r = r∗, where the maximum neutron produc-
tion, Nr (see Eq.(1.2)), takes place. This maximum
is explained by the interplay of two factors: closer to
the center of the bubble the maximum temperature and
density are larger, but there is less material there (i.e.,
the multiplier isr2 in Eq.(1.2)for Nr) and the time du-
ration is shorter. This maximum corresponds to a radial
coordinater∗, which equalsr∗ � 27 nm. The radius of

Fig. 4. The radial distribution of neutron output,Nr(r). The thick line
depicts an ionized vapor and the thin line a non-ionized vapor.

the dissociated gas core is about 1.5�m and the ra-
dius of the fully ionized gas core is about 200 nm. The
dissociation and ionization takes place in these regions
less than 2 ns aftert7.

The state of the dense plasma with extremely high
temperature and density that can produce thermonu-
clear fusion (T∼ 108 K, ρ ∼ 10 g/cm3), takes place
only in a very small zone,r < 60 nm, near the center
of the bubble of radiusa≈ 27�m. Thus, it is neces-
sary to use a very fine computational grid in the central
zone.

The distribution of the neutron production function,
Nr(r) in Fig. 4, shows that the zoner < 5 nm does not
produce many neutrons and thus this zone does not
need to be considered in detail (using grids smaller
than 0.1 nm).

Mathematically, the kinetics of the cumulative neu-
tron emission,N, is a numerical convolution of the sin-
gularity atr = 0 at the moment of the reflection of the
shock wave from the center, where the temperature is
near infinite. This convolution makes it possible to cal-
culate numerically by finite deference equations the
neutron emission in spite of a temperature spike at the
bubble’s center.

The values of the parameters at the location of the
maximum neutron production are denoted by super-
script ‘*’:

T ∗ = T (t, r∗), p∗ = p(t, r∗),

ρ∗ = ρ(t, r∗). (4.4)

Besides the initial moment of the time (t = 0), when
the growth of the bubbles was initiated, two other mo-
ments of the time are important. The first was the
momentt◦ = 41.9932 ns when the bubble reaches its
minimum radius (a=amin), and the second moment
was at timet∗ = t◦ − 0.7823 ns≈ t7 (seeFig. 3), when
the temperature at the radius of the maximum neutron
(and tritium) production (r = r∗) reaches its maximum
value (T ∗ = T ∗

max). The time relative to this moment,
(t − t∗), in picosecond and sub-picosecond intervals is
shown inFig. 5. In this figure, the evolution of density
ρ∗, pressurep∗, temperatureT∗ at r = r∗ are shown.

According to these calculations the evolution of the
density of the gas in the central core takes place in five
stages. The first stage (t − t∗ is from −42 to−15�s)
is a homobaric relatively slow expansion whenρG
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Fig. 5. Temporal distributions of density, pressure and temperature of the gas corresponding to the radial location of maximum neutron production
(r = r∗) during subpicosecond high Much number stage.

falls from ρ0 = 0.25 kg/m3 to ρmin = 0.13 kg/m3. The
second stage (t − t∗ is from −15�s to 0.0) is a rela-
tively slow continuous accelerating compression when
ρG grows fromρmin = 0.13 kg/m3 to ρad= 4.8 kg/m3.
This stage is practically isentropic (i.e., adiabatic). The
third stage is the compression due to the leading shock
wave (labeled by Sh inFig. 5) where the density in-
creases by a factor ofρSh/ρad= (ρ+/ρ−)max= 17. The
fourth stage is a compression ofρ(4)/ρSh≈ 5.9 due
to a continuous (during a 0.2 ps) time interval com-
pression wave after the leading shock wave. This is
similar to the Guderley solution. The fifth stage is a
large compressionρmax/ρ(4) ≈ 24 due to the interac-
tion of the reflected leading shock wave from the center
with a following continuous compression wave in the
monatomic plasma. This stage is of very short duration,
�t(5) ∼ 0.05 ps, but it is not a compression by a single
shock wave because the maximum compression of a

monatomic gas (γ = 5/3) due to a shock wave is only
(ρ+/ρ−)max= 4. The fifth stage occurs atr = r∗ about
0.2 ps later than the fourth stage. During all these five
stages the compression of the gas in the central core is
very large,ρmax/ρmin ≈ 77,000.

The calculations show that the focusing of the
shock wave leads to an extreme rise of density (to
aboutρ∗ ∼ 104 kg/m3), pressure (up top∗ ∼ 1011 bar)
and temperature of the vapor/plasma (T∗ ∼ 2× 108 K).
Moreover, the maximum particle velocity near the
bubble’s center reachesw∗ ≈ 600 km/s, and this state
takes place during only�t∗ ∼ 0.05–0.1 ps, so that the
displacement of plasma particlesw∗�t∗ ∼ 30 nm, is
very small. Indeed, it looks almost like “infinite speed
(w∗ =∞) during a zero time interval (�t∗ = 0)”.

It is important to note that the number of the nucleus
in the thermonuclear core always exceeds 109. Thus,
the highly compressed core region may by analyzed
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using a continuum approximation, however, the ther-
mal conductivity should reflect the ion/ion interactions,
and that it is thus much larger than the molecular ther-
mal conductivity.

The calculations show that D/D thermonuclear fu-
sion takes place during about 0.5 ps. For the sinu-
soidal incident pressure evolution with�p1 = 15 bar
and�p2 = 50 bar this procedure gives:

N ≈ 3 neutrons per bubble per implosion. (4.5)

When there is no ionization, we obtainN≈ 3.7. A
more realistic evaluation of the incident compression
pressure in the center of the bubble cluster (seeFig. 1)
yields:

N = 12 neutrons per bubble per implosion. (4.6)

Moreover, the calculations (seeFig. 6) show that
increasing the liquid temperature fromTL0 = 273 K
to T0 = 293 K, or the use of a small accommodation

(i.e., condensation) coefficient,α, significantly de-
creases the number of the emitted D/D thermonuclear
neutrons (e.g.,N≈ 1–2 neutrons/bubble/implosion for
TL0 = 293 K, α ∼ 0.2), which corresponds to experi-
mental findings (Taleyarkhan et al., 2002, 2004). This
seeming paradox can be easily explained. For higher
pool temperatures the saturation pressure is higher (i.e.,
pS(293 K)≈ 3.5 pS(273 K)), thus the mass of the va-
por generated during bubble expansion is a few times
larger than at 273 K. Also, vapor condensation is re-
duced since the liquid pool is not as cold. As a result
the pressure of the vapor during the compression of the
bubble becomes higher than for a cooler liquid pool and
the final interface velocity,wLa ≈ ȧ, which ultimately
creates the compression wave that moves toward the
bubble’s center, is lower.

As noted previously, the incident pressure evolution
in the bubble cluster (Section3) due to the external
acoustic pressure field shows that the rarefaction in the
cluster is smaller than−15 bar, but the compression

Fig. 6. Influence of the pool temperature (TL0 = 273–293 K) and accommodation coefficient (α = 0, 0.05–1.0) on the evolution of bubble mass
(mG), interfacial velocity (˙a(a)) and neutron production (N). The cluster dynamics for the enhanced incident pressure,pI , was used in these
calculations (seeFig. 1). Numerical labels correspond to various values ofTL0 andα.
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of the incident pressure is much higher and shorter in
duration (seeFig. 1). During rarefaction the maximum
bubble radius within the bubble cluster reaches only
100–300�m, which is too small to generate thermonu-
clear conditions in the imploded bubbles. However,
during the growth phase Section3 shows that about
10–20 bubbles may coalesce forming relatively large
bubbles of radius 600–800�m. This size bubble pro-
vides sufficient focusing of the compression wave, and
produces the thermonuclear conditions in the central
core of the bubbles shown inFig. 5. For 1000 bubbles
in the bubble cluster, after coalescence there would be
50–100 larger bubbles. Those in the central region of
the cluster will be impacted by the incident compres-
sion pressure, which is much higher than on the periph-
ery of the bubble cluster (seeFig. 1), and gives rise to
conditions which produce the D/D neutrons.

Thus, the average amount of emitted neutrons from
the strongly imploding D-acetone vapor bubbles in a
cold liquid pool (T0 = 273 K) is about 10 neutrons per
acoustic cycle for the experimental conditions. Accord-
ing to the experiment data ofTaleyarkhan et al. (2002,
2004) the Pulsed Neutron Generator (PNG) operated
with frequency 200 Hz and it caused up to 50 energetic
bubble cluster implosions per second, which generated
D/D neutrons. Each energetic implosion was followed
by about 50 acoustic cycles induced implosions (i.e.,
bounces), which also caused D/D neutron emissions
(Nigmatulin et al., 2005). If we assume that the bub-
ble cluster contains∼15 strongly collapsing bubbles
which each produce about 10 neutrons per implosion,
we get the following number of emitted D/D neutrons
per second:

Qn ≈ 50× 50× 15× 10 ≈ 4 × 105 n/s, (4.7)

which corresponds to the experimental value. In any
event, it is clear that the predicted conditions within
imploding bubbles are suitable for D/D thermonuclear
fusion.

5. Conclusions

Our theoretical and numerical analyses have shown
that the acoustically-forced implosion of vapor bubbles
of radiusamax∼ 600–800�m in a bubble cluster due to
a 15 bar incident acoustic pressure around the bubble

cluster, and pressure amplification within the cluster,
is accompanied by the formation of a strong compres-
sion shock wave cumulating (focusing) toward the cen-
ter of the bubbles. This shock wave reflects from the
center of the bubble producing extremely high local ve-
locities (w∗ ≈ 1000 km/s), and a hot (T* ≈ 2× 108 K),
dense (ρ* ≈ 10 g/cm3), high pressure (p* ≈ 1011 bar)
plasma core of radius 0 <r <≈ 60 nm, having∼1012

nuclei. This extreme state lasts for only a very short
time (t* ≈ 10−13–10−12 s). If this core is comprised
of a deuterated hydrocarbon vapor during this state,
thermonuclear D/D fusion can take place, producing
about 10 fast (i.e., 2.45 MeV) neutrons and an equiva-
lent amount of tritium.

Some important features of the bubble nuclear fu-
sion process are:

(1) The cold liquid effect—where relatively small vari-
ations of the liquid pool temperature strongly influ-
ences the acceleration of the liquid and the intensity
of the thermonuclear fusion reaction.

(2) The bubble cluster effect—where multi-bubble
cluster dynamics produces a significant amplifica-
tion of the liquid pressure within the bubble cluster
compared with the incident pressure of the im-
pressed acoustic field.

(3) The coalescence effect—which promotes the for-
mation of larger bubbles within the bubble cluster
having radiusamax= 600–800�m. This allows a
high cumulation of the shock wave near the center
of the bubble producing conditions in a central core
region of the imploded bubbles which are suitable
for D/D fusion.

(4) Non-dissociation of the liquid—where, in spite the
high pressures experienced (105–106 bar), the liq-
uid has insufficient time for dissociation (10 ns).
This is why the liquid is much less compressible
than implied by an equilibrium adiabat, which cor-
responds to more than a microsecond of compres-
sion. Thus, extrapolation of first part of D–U shock
adiabat should be used for the estimation of com-
pressibility of the liquid.

(5) “Cold” electrons—where during the extremely
short time of the ultra-high compression process
(10−13–10−12 s), the electrons have little time to
be heated by the ions. Thus, the heat capacity of
the gas/vapor is∼2 kJ/kg instead of the equilib-
rium heat capacity of completely ionized plasma,
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∼8 kJ/kg. This causes the temperature of the ions
to be four times higher than for an equilibrium
plasma, which, in turn, results in conditions suit-
able for thermonuclear D/D fusion. Moreover the
relatively “cold” electrons do not produce signifi-
cant energy losses by radiation emissions.

(6) Multiscale Phenomena—the energetic collapse of
the bubbles is a multi-scale phenomenon with the
final sharpening, where during the different stages,
different physical phenomena, spatial and time
scales, dominate the process. These physical pro-
cesses are: heat transfer, evaporation, condensation
and transition from a two-phase mixture to a super-
critical fluid. The transition from an incompress-
ible liquid and a homobaric pressure distribution in
the vapor (this stage takes most of the time of the
process (i.e., 41.5�s from 42�s), to high compres-
sion of the liquid and to shock wave phenomena
in the gas (0.5�s in duration), dissociation, ion-
ization and finally to thermonuclear fusion con-
ditions. The spatial scales are the following: the
acoustic field’s scale is∼10−2 m, the bubble clus-
ter’s scale is∼10−3 m, the bubble’s size scale is
∼10−5–10−4 m, the dissociated and ionized core
scale is∼10−7–10−6 m, and the thermonuclear
core scale is 10−8–10−7 m. The time scales are the
following: the evaporation and condensation time
scale is∼10−5 s, the compression wave time scale
is ∼10−6 s, the dissociation and ionization time
scale is∼10−9 s, and the thermonuclear reaction
time scale is 10−12–10−13 s. The numerical code
must vary the equations to accommodate the dif-
ferent physical phenomena and use different size
grids and, based on the Courant number, differ-
ent time steps (�t = 10−7–10−14 s). To clarify the
process in the tiny central thermonuclear core, this
zone should use cell sizes of�r = 10−10 m for a
bubble of radius 10−5 m. The same problem exists
for the thin boundary layers near the interface. Ob-
viously, this is a computational challenge and thus
these HYDRO code evaluations must be carefully
done.

The thermonuclear fusion process that occurs in
imploding cavitation bubbles takes place within a
spatial scale of about a few tens of nanometers and
a time scale of a few tenths of a picosecond. Thus,
we might refer to it as, “Ten nanometer, tenth of
picosecond Bubble Nuclear Fusion.”

(7) Three-dimensional phenomena—three-dimen-
sional analysis of the shape of the bubble supports
the assumption of a spherically symmetrical flow
(i.e., shock wave) for creating the concentration
of the energy in the interior of imploding bubbles.

All these effects are crucial for the prediction of the
thermonuclear reaction’s intensity.

In addition, to achieve nano-scale thermonuclear fu-
sion it is important for the liquid to have:

• A high atomic fraction of deuterium atoms in the
molecule (in D-acetone it is 6/10 = 60%).

• A high molecular weight (i.e, low sound speed in
the vapor) and high condensation (accommodation)
coefficient (for D-acetone,M = 64 andα ≈ 1).

• A low saturation pressure of vapor (which can be
achieved due to a low pool temperature).

• Small non-linear compressibility of the liquid.
• High cavitation strength of the liquid.

It is important to note that heavy water (D2O) is
not very appropriate for use in cavitation bubble nu-
clear fusion experiments because of its low molecu-
lar weight (M = 18), low accommodation coefficient
(α ≈ 0.05–0.07), relatively high non-linear compress-
ibility and relatively low cavitation strength.

It is also not appropriate to use laser-generated bub-
bles in bubble nuclear fusion experiments because this
process forms relatively few large bubbles (i.e., there
are not many bubbles in a cluster), these large bubbles
may not be spherical and they have comparatively large
vapor mass, which does not permit the surrounding liq-
uid to reach a high kinetic energy because of cushioning
by the uncondensed vapor. High condensation rates of
the vapor is required to minimize the cushioning of the
implosion, and this, in turn, allows the kinetic energy
of the liquid to be effectively transformed into internal
energy of fluid in a small central plasma core region.
These appear to be the main reasons thatGeisler et al.
(2004)were not able to obtain D/D neutron emissions
during laser-induced cavitation experiments in heavy
water.
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